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Introduction 



These lecture notes are the second instalment in a series of papers dealing with entropic fluctuations in 
non-equilibrium statistical mechanics. The first instalment ['^' J concerned classical statistical mechanics. 
This one deals with the quantum case and is an introduction to the results of [ )PP]. Although these 
lecture notes could be read independently of [JPR], a reader who wishes to get a proper grasp of the 
material is strongly encouraged to consult [ '^R] for the classical analogs of the results presented here. In 
fact, to emphasize the link between the mathematical structure of classical and quantum theory of entropic 
fluctuations, we shall start the lectures with a classical example: a thermally driven harmonic chain. This 
example will serve as a prologue for the rest of the lecture notes. 

The mathematical theory of entropic fluctuations developed in [JPR, JOPP] is axiomatic in nature. 
Starting with a general classical/quantum dynamical system, the basic objects of the theory — entropy pro- 
duction observable, finite time entropic functionals, finite time fluctuation theorems and relations, finite 
time linear response theory — are introduced/derived at a great level of generality. The axioms concern the 
large time limit t ^ oo, i.e., the existence and the regularity properties of the limiting entropic functionals. 
The introduced axioms are natural and minimal (i.e., necessary to have a meaningful theory), ergodic in 
nature, and typically difficult to verify in physically interesting models. Some of the quantum models for 
which the axioms have been verified (Spin-Fermion model. Electronic Black Box model) are described in 
Chapter 6. 

However, apart for Chapter 5, we shall not discuss the axiomatic approach of [JOPP] here. The main 
body of the lecture notes is devoted to a pedagogical self-contained introduction to the finite time entropic 
functionals and fluctuation relations for finite quantum systems. A typical example the reader should have 
in mind is a quantum spin system or a Fermi gas with finite configuration space A C Z''. After the theory 
is developed, one proceeds by taking first the thermodynamic limit (A l/), and then the large time limit 
t ^ oo. The thermodynamic limit of the finite time/finite volume theory is typically an easy exercise in the 
techniques developed in the 70's (the two volumes monograph of Bratteli and Robinson provides a good 
introduction to this subject). On the other hand, the large time limit, as to be expected, is typically a very 
difficult ergodic-type problem. In these notes we shall discuss the thermodynamic and the large time limits 
only in Chapter 5. This section is intended for more advanced readers who are familiar with our previous 
works and lectures notes. It may be entirely skipped, although even technically less prepared readers my 
benefit from Sections 5.1 and 5.6 up to and including the proof of Theorem 5.7. 

Let us comment on our choice of the topic. From a mathematical point of view, there is a complete 
parallel between classical and quantum theory of entropic fluctuations. The quantum theory applied to com- 
mutative structures (algebras) reduces to the classical theory, i.e., the classical theory is a special case of the 
quantum one. There is, however, a big difference in mathematical tools needed to describe the respective 
theories. Only basic results of measure theory are needed for the finite time theory in classical statistical 
mechanics. In the non-commutative setting these familiar tools are replaced by the Tomita-Takesaki modu- 
lar theory of von Neumann algebras. For example, Connes cocycles and relative modular operators replace 
Radon-Nikodym derivatives. The quantum transfer operators act on Araki-Masuda non-commutative L^- 
spaces which replace the familiar L^-spaces of measure theory on which Ruelle-Perron-Frobenius (classi- 
cal) transfer operators act, etc. The remarkably beautiful and powerful modular theory needed to describe 
quantum theory of entropic fluctuations has been developed in 1970's and 80's, primarily by Araki, Connes 
and Haagerup. Although modular theory has played a key role in the mathematical development of non- 
equilibrium quantum statistical mechanics over the last decade, the extent of its application to quantum 
theory of entropic fluctuations is somewhat striking. Practically all fundamental results of modular theory 



5 



Jaksic, Ogata, Pautrat, Pillet 



play a role. Some of them, like the Araki-Masuda theory of non-commutative L^'-spaces, have found in 
this context their first application to quantum statistical mechanics. 

The power of modular theory is somewhat shadowed by its technical aspects. Out of necessity, a reader 
of [ lOPr"] must be familiar with the full machinery of algebraic quantum statistical mechanics and modular 
theory. Finite quantum systems, i.e., quantum systems described by finite dimensional Hilbert spaces, are 
special since all the structures and results of this machinery can be described by elementary tools. The pur- 
pose of these lecture notes is to provide a self-contained pedagogical introduction to the algebraic structure 
of quantum statistical mechanics, finite time entropic functionals, and finite time fluctuation relations for 
finite quantum systems. For most part, the lecture notes should be easily accessible to an undergraduate 
student with basic training in linear algebra and analysis. Apart from occasional remarks/exercises and 
Chapter 5, more advanced tools enter only in the computations of the thermodynamic limit and the large 
time limit of the examples in Chapters 1 and 6. A student who has taken a course in quantum mechanics 
and/or operator theory should have no difficulties with those tools either. 

Apart from from a few comments in Chapter 5 we shall not discuss here the Gallavotti-Cohen fluc- 
tuation theorem and the principle of regular entropic fluctuations. These important topics concern non- 
equilibrium steady states and require a technical machinery not covered in these notes. 

The lecture notes are organized as follows. In the Prologue, Chapter 1, we describe the classical theory 
of entropic fluctuations on the example of a classical harmonic chain. The rest of the notes can be read 
independently of this section. Chapter 2 is devoted to the algebraic quantum statistical mechanics of finite 
quantum systems. In Chapters 3 and 4 this algebraic structure is applied to the study of entropic functionals 
and fluctuation relations of finite quantum systems. In Chapter 6 we illustrate the results of Chapters 3 and 
4 on examples of fermionic systems. Large deviation theory and the Gartner-Ellis theorem play a key role 
in entropic fluctuation theorems and for this reason we review the Gartner-Ellis theorem in Appendix A. 
Another tool, a convergence result based on Vitali's theorem, will be often used in the lecture notes, and 
we provide its proof in Appendix B. 

Acknowledgment. The research of V.J. was partly supported by NSERC. The research of Y.O. was sup- 
ported by JSPS Grant-in- Aid for Young Scientists (B), Hayashi Memorial Foundation for Female Natural 
Scientists, Sumitomo Foundation, and Inoue Foundation. The research of C.-A.P. was partly supported 
by ANR (grant 09-BLAN-0098). A part of the lecture notes was written during the stay at the first au- 
thor at IHES. V.J. wishes to thank D. Ruelle for hospitality and useful discussions. Various parts of the 
lecture notes have been presented by its authors in mini-courses at University of Cergy-Pontoise, Erwin 
Schrodinger Institute (Vienna), Centre de Physique Theorique (Marseille and Toulon), University of British 
Columbia (Vancouver), Ecole Polytechnique (Paris), Institut Henri Poincare (Paris) and Ecole de Physique 
des Houches. The lecture notes have gained a lot from these presentations and we wish to thank the re- 
spective institutions and F. Germinet, J. Yngvanson, R. Froese, S. Kuksin, G. Stoltz, J. Frohlich for making 
these mini-courses possible. 
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Chapter 1 

Prologue: A thermally driven classical 
harmonic chain 



In this section we will discuss a very simple classical example: a finite harmonic chain C coupled at its 
left and right ends to two harmonic heat reservoirs TZl^TIr- This model is exactly solvable and allows for 
a transparent review of the classical theory of entropic fluctuations developed in [ ]. Needless to say, 
models of this type have a long history in the physics literature and we refer the reader to Lebowitz and 
Spohn [ ] for references and additional information. The reader should compare Chapter 4, which deals 
with the non-equilibrium statistical mechanics of open quantum systems, with the example of open classical 
system described here. The same remark applies to Section 6.6, where we study the non-equilibrium 
statistical mechanics of ideal Fermi gases. 



1.1 The finite harmonic chain 

We start with the description of an isolated harmonic chain on the finite ID-lattice A = [A, B] C Z (see 
Fig. 1.1 below). Its phase space is 

Ta = {(P, q) = {{Px}xeK: {fel.GA) I Px, e M} = ® M^, 
and its Hamiltonian is given by 

£cez ^ ^ 

where we set Px = <lx = ^ for x ^ A. 




Figure 1.1: The finite harmonic chain on A = [A, B]. 



Thus, w.r.t. the natural Euclidian structure of Fa, the function 2Ha{p, q) is the quadratic form associ- 
ated to the symmetric matrix 

'1 " 
1 - Aa 



Ha = 
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where Aa denotes the discrete Laplacian on A = [A, B] with Dirichlet boundary conditions 

{2uA — ua+1 for X = A; 

2ux - u^-i - u^+i fov x€]A,B[; (1.1) 
2ub — ub-1 foTx = B. 

The equations of motion of the chain, 

p = -{l-AA)q, q = p, 
define a Hamiltonian flow on Fa, the one-parameter group e*^'^ generated by 



-1 

1 



jOa = jflA, j = 

This flow has two important properties: 

(i) Energy conservation: c'^-'^Iiac^'--''^ = /ia- 

(ii) Liouvnie's theorem: det (e*^^) = e"''^'^'^) = 1. 

An observable of the harmonic chain is a real (or vector) valued function on its phase space Fa and a 
state is a probabihty measure on Fa. If / is an observable and w a state, we denote by 



•'(/) = / f{P,q)'iu>{p,q), 



the expectation of / w.r.t. oj. Under the flow of the Hamiltonian Ha the observables evolve as 
In terms of the Poisson bracket 

{/,5} = Vp/-V,(?-Vg/-Vj,r7, 
the evolution of an observable / satisfies 

dtft = {HA,ft} = {HA,f}t. 

The evolution of a state u is given by duaUty 

= w(/t), 

and satisfies 

dMf)=UJt{{HA,f}). 

u) is caUed steady state or stationary state if it is invariant under this evolution, i.e., = w for all t. If 
Lo has a density w.r.t. Liouville's measure on Fa, i.e., da;(p, q) = p{p, q) Apdq, then Liouville's theorem 
yields 

<^t{f)= i / o e*^'' (p, q)p{p, q) dpdq 
Jta 

= I fip, q)p o e-*^^ ip, q) det (e"*^'^) dpdq 

JTa 

= / f{p,q)poe-^^''{p,q)dpdq, 
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and so ut also has a density w.r.t. Liouville's measure given by p o e If is a positive definite matrix 
on Fa and w is the centered Gaussian measure with covariance D, 

duj{p, q) = det {2TrDy^^^ ^-D-^lp,q]/2 ^^^^^ 

where D^^[p, q] denotes the quadratic form associated to D^^, then ujt is the centered Gaussian measure 
with covariance Dt = e*^'^ De^^i^ . 

The thermal equilibrium state of the chain at inverse temperature /3 is the Gaussian measure with co- 
variance {f3h\)~-^, 

du^p{p,q) = ^det (^^) e-^"-^P,,)apdq. 
Thermal equilibrium states are invariant under the Hamiltonian flow of H\. 

1.2 Coupling to the reservoirs 

As a small system, we consider the harmonic chain C on A = [— A^, A^]. The left and right reservoirs 
are harmonic chains TZl and TZr on A^ = [—M, —N — 1] and A^j = [A^ + 1, M] respectively. In our 
discussion we shall keep A^ fixed, but eventually let M oo. In any case, the reader should always have 
in mind that M > A^. 

The Hamiltonian of the joint but decoupled system is 

Ho{p, q) = Ha{p, q) + i^Az, {p, q) + [p, q). 
The Hamiltonian of the coupled system is 

H{p,q) = HAi^uAuAR{p,q) = Ha{p,q) + Vl(p,<7) + Vnip^q), 
where V^b, q) = -q-N-iq-N and Vr{p, q) = -qNqN+i- 




Figure 1.2: The chain C coupled at its left and right ends to the reservoirs 7?.^ and TZji. 



We denote by ho, h^, hf> and h the symmetric matrices associated to the quadratic forms 2Hq, 2Hl, 
2Hji and 2H and by Cq = jho and C = jh the generators of the corresponding Hamiltonian flows. We 
also set V = vl + vji — h — Hq where vl and vjf are associated to 2Vl and 2Vii respectively. 

1.3 Non-equilibrium reference measure 

We shall assume that initially each subsystem is in thermal equilibrium, the reservoirs at temperatures 
Tl/r = ^1 Pl/r^ and the small system at temperature T ~ 1//3. The initial (reference) state is therefore 

If the temperatures of the reservoirs are different, the system is initially out of equilibrium. We set Xl — 
(3 — Pl, Xji ~ /3 ~ /3ji and X = (Xl,Xji). We call X the thermodynamic force acting on the chain C. 
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Xl and Xr are sometimes called affinities in non-equilibrium thermodynamics (see, e.g., [ When 
X ~ Q, one has Pl = Pr = P and the joint system is in equilibrium at inverse temperature /3 for the 
decoupled dynamics generated by Hq. 

In view of the coupled dynamics generated by H, it will be more convenient to use a slightly modified 
initial state 

which, for X = Q, reduces to the thermal equilibrium state at inverse temperature /3 of the joint system 
under the coupled dynamics. Note that ujx is the Gaussian measure with covariance 

Dx^{Ph-k{X))-\ k{X)^XLhL+XRhR, 

whereas (1.2) is Gaussian with covariance (/3/io — k{X))^^. Since h — ho — v is a rank 4 matrix which is 
well localized at the boundary of A, these two states describe the same thermodynamics. 



1.4 Comparing states 

Under the Hamiltonian flow of H, the state ux evolves into uJx,t, the Gaussian measure with covariance 

Dx,t = e'^Dxe'^' = - e"*^* fc(X)e-*^) ~^ . 

As time goes on, the state Ldx,t diverges from the initial state ojx- In order to quantify this divergence, 
we need a way to describe the "rate of change" of the state, i.e., a concept of "distance" between states. 
Classical information theory provides several candidates for such a distance. In this section, we introduce 
two of them and explore their physical meaning. 

Let ly and w be two states. Recall that i/ is said to be absolutely continuous w.r.t. uj, written <C w, 
if there exists a density, a non-negative function p satisfying uj{p) = 1, such that iy{f) — w(p/) for all 
observables /. The function p is called Radon-Nikodym derivative of i/ w.rt. ui and is denoted di^/duj. 

The relative entropy of i/ w.rt. cj is defined by 

- log — if < w, 



S{,y\u;)^{ V ' (1.3) 

-oo otherwise. 



Exercise 1.1. 

1. Show that log(a;~^) < — 1 for x > 0, where equality holds iff a; = 1. 

2. Using the previous inequality, show that S{i'\Ld) < with equality iff v — lo. This justifies the 
use of relative entropy (or rather of —5(1^1^)) as a measure of the "distance" between v and lo. Note 
however that ~S{v\uj) is not a metric in the usual sense since it is not symmetric and does not satisfy 
the triangle inequality. 



Applying Definition (1.3) to uJx,t and ujx, we get 
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and hence 

S{iox.t\uJx) = ojx^t (Xl{Ha, - HA.^^t) + Xr{Ha„ - H^^^^t)) 
= Xlojx {HAL.t - Hal) + Xbujx {Har^i - ^A^)) • 

Since the observable Ha^.i — Ha^ measures the increase of the energy in the right reservoir during the 
time interval [0, t] and 

HAn,t- Haji^ [ ^i?Ajj,sds= [ {H,HAji}s<is, 
Jo el's Jo 

we interpret 

= -{H,HAa} {HAa,Vii} = -px+lQN, 

as the energy flux out of the right reservoir. Similarly, 

$L = -{H,HaJ = {Ha,^,Vl} = -p-N^iq~N, 
is the energy flux out of the left reservoir. 



Exercise 1.2. Compare the equation of motion of the isolated reservoir TZr with that of the same 
reservoir coupled to C. Deduce that the force exerted on the reservoir by the system C is given by qx 
and therefore that qxPn+i is the power dissipated into the right reservoir 



In terms of fluxes, we have obtained the following entropy balance relation 

S{uJx,t\oJx) ^ - ujx{crx.s)ds, (1.5) 
Jo 

where 

ax = Xl<^l + Xr^r. 

This bilinear expression in the thermodynamic forces and the corresponding fluxes has precisely the form 
of entropy production as derived in phenomenological non-equilibrium thermodynamics (see, e.g., Section 
IV.3 of [dGM]). For this reason, we shall call ax the entropy production observable and 

1 /■* 

= - / ax,sds, (1.6) 
t Jo 

the mean entropy production rate' over the time interval [0, t]. The important fact is that the mean entropy 
production rate has non-negative expectation for t > 0: 



UJx 



(S*) f ujxi^x.s) ds = -IsiiUx.tM > 0. (1.7) 
^ Jo 



Another widely used measure of the discrepancy between two states oj and v is Renyi relative a-entropy, 
defined for any a e M by 

, , di^V\ 
logo; ( ( — ) ) if ly <^uj, 

otherwise. 



' Various other names are commonly used in the literature for the observable ax '■ phase space contraction rate, dissipation function, 

etc. 
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log^^ = / ax,.ds = ffi"*, (1.8) 



Starting from Equ. (1.4) one easily derives the formula 

dwx JO 
so that 

et{a) = S^iujx^tM = \ogu;x ((^^) ) = l^S^^ (e"*^") . (1.9) 



Exercise 1.3. 

1. Assuming i' uj and using Holder's inequality, show that a i— > 5*0(1^10;) is convex. 

2. Show that 5*0(1^10;) = 5*1(1^10;) — and conclude that is non-positive for a e]0, 1[ and 
non-negative for a ^]0, 1[. 

3. Assuming also w <C i', show that Si-a{i^\uj) — Sa{u}\i'). 



1.5 Time reversal invariance 

Our dynamical system is time reversal invariant: the map {}{p, q) = {—p, q) is an anti-symplectic involu- 
tion, i.e., {f o g o d} = — {/, g} o ^ and -i? o z9 = Id. Since H o d = H,\l satisfies 

and leaves our reference state lux invariant. 

It follows that ujx,t{f o i3) = ojx.-t{f), ^l/r ° ^ ^^l/r ™d ax 01!) = —ax- Note in particular that 
^x{^l/r) = and ujx{ax) = 0. Applying time reversal to Definition (1.6) we further get 

od=l [ ax oe'^ odds =1 [ ax o i) o e""^ ds 



t Jq t Jo 



axoe-'^ds=- axoe'^ds (1.10) 



1 



t Jo t Jo 



and Equ. (1.9) becomes 

et{a) = logujx (e"*^""") - logc^x (e-"*^') . (1.11) 

Thus, a H> t~^et{a) is the cumulant generating function of the observable — tS* in the state ujx, and in 
particular 



d ^ , , 
da 



= -UJX - / crx,s ds , 

a=0 \^ Jo / 

I ( I {ax,s - t^x{<yx.s))ds 



Q = 



VtJo 
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1.6 A universal symmetry 

Let us look more closely at the positivity property (1.7). To this end, we introduce the distribution of the 
observable S* induced by the state lux, i.e., the probability measure P* defined by 

To comply with (1.7), this distribution should be asymmetric and give more weight to positive values than 
to ne 
that 



to negative ones. Thus, let us compare P* with the distribution P*(/) = lox of — S*. Observing 



= axoe'^ds=- f axoe-'^ds 



t Jo t Jo 



t 

ax o e^*"")^ ds ] o e"*^ = E* o e"*^, (1.12) 







we obtain, using (1.8) and (1.10) 

P\f) = ^^(/(-S*)) = ojxifi^^' o ^)) = c.x(,/(S-*)) = u;x{f{^' o e-*^)) 

from which we conclude that P* ^ P* and 

dP* 

^(.)=e--. (1.13) 

This relation shows that negative values of E* are exponentially suppressed as < — > oo. One easily deduces 
from (1.13) that 

c^l, iox{{^'e[-s-5,-s + 6]}) ^ ^. 
-^-^-t^^g .xi{^^e[s-6,s + S]}) ^-'-"'^ 

for t,5 > and any s € M. Such a property was discovered in numerical experiments on shear flows 
by Evans et aJ. [ECM]. Evans and Searles [j_ ] were the first to provide a theoretical analysis of the 
underlying mechanism. Since then, a large body of theoretical and experimental literature has been devoted 
to similar "fluctuation relations" or "fluctuation theorems". They have been derived for various types of 
systems: Hamiltonian and non-Hamiltonian mechanical systems, discrete and continuous time dynamical 
systems, Markov processes, ... We refer the reader to the review by Rondoni and Mefja-Monasterio [RM] 
for historical perspective and references and to [J PR] for a more mathematically oriented presentation. 
We can rewrite Equ. (1.1 1) in terms of the Laplace transform of the measure P*, 



et(a) =log J e-"*MP*(s). 

Relation (1 . 13) is equivalent to 

J e-(i-")*MP*(s) e"*" dP\s)= J c-"'' dP*(s), 
and therefore can be expressed in the form 

et(l-a) = et(a). (1.14) 

We shall call the last relation the finite time Evans-Searles symmetry of the function et(a). The above 
derivation directly extends to a general time-reversal invariant dynamical system, see [J PR]. 
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1.7 A generalized Evans-Searles symmetry 

Relation (1.13) deals with the mean entropy production rate E*. It can be generalized to the mean energy 
flux, the vector valued observable 



** = 7 / ($Loe^^,$«oe^^) ds. 
I Jo 



Exercise 1.4. Denote by Q* (respectively Q*) the distribution of (respectively — $*) induced by 
the state w^, i.e., Q\f) = ujxifi^*)) and Q\f) = a;x(/(-**)). Using the fact that X • ** = E* 
and mimicking the proof of (1.13) show that 



Again, this derivation can be extended to an arbitrary time-reversal invariant dynamical system, see 
[JPR]. 



Introducing the cumulant generating function 

gt(X,r) =log^x (e-*^ *') , (1.16) 
and proceeding as in the previous section, we see that Relation ( 1 . 1 5) is equivalent to 

J e-*(^-^)-dQ*(s) = I e*^-dQ*(s) = J e-*^-dQ*(s), 

which leads to the generalized Unite time Evans-Searles symmetry 

gtiX.X ~Y)^gtiX,Y). (1.17) 



Exercise 1.5. Check that 

gt{X,Y) - logdet (l - Dx (e*^*fc(r)e*^ - fc(y))) , (1.18) 

where we adopt the convention that log a; = — oo whenever x < 0. Using this formula verify directly 
Relation (1.17). 



1.8 Thermodynamic limit 

So far we were dealing with a finite dimensional harmonic system. Its Hamiltonian flow e*^ is quasi- 
periodic and it is therefore not a surprise that entropy production vanishes in the large time hmit, 

lim wjf (E*) = lim — tr (Dx (k{X) ~ e*^' k{X)e*^)) = 0, 

see also Figure 1.3. To achieve a strictly positive entropy production rate in the asymptotic regime t — oo, 
the thermodynamic limit of the reservoirs must be taken prior to the large time limit. 
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Figure 1.3: The typical behavior of the mean entropy production rate t i-> ujxi^*) for a finite system 
(N — 20, M — 300). The dashed line represent the steady state value ujx,+ {o'x) = linit^oo i^xC^^) for 
the same finite chain (N = 20) coupled to two infinite reservoirs. 



To take M — ^ oo while keeping N fixed we observe that the phase space r[_jv/ m] is naturally embed- 
ded in the real Hilbert space F — £'^{Z) ^r(Z) and that ho, h^, hn and h are uniformly bounded and 
strongly convergent as operators on this space. For example 



s — lim Hq = 

M— >oo 



1 

1 - Ao 



where Ao = A]_oo,-jv-i] ( 
at ±iV and 



) A[_7v jv] ffi A[jv+i,oo[ is the discrete Laplacian on Z with Dirichlet decoupling 



s — lim h = 

M->-oo 



1 

1 - A 



where A — A^ is the discrete Laplacian on Z. It follows that £q — jho and £ — jh are also strongly 
convergent. Hence, the Hamiltonian flows e*^" and e*^ converge strongly and uniformly on compact time 
intervals to the uniformly bounded, norm continuous groups on F generated by the strong limits of Cq and 
£. Finally, since the covariance Dx — [Ph — k{X))^^ of the state ojx converges strongly, the state ljJx 
converges weakly to the Gaussian measure with the limiting covariance. In the following, we shall use 
the same notation for these objects after the limit Al — >■ cxi, i.e., h, ho, £, Cq, k{X), ujx, ■■■ denote the 
thermodynamic limits of the corresponding finite volume objects. 

After the thermodynamic limit, we are left with a linear dynamical system on the i^-space of the 
Gaussian measure ujx- Denoting by (p^/n the finite rank operators corresponding to the flux observable 
2$2./fl and setting (j){Y) = Y^cpL + Yr4'R' we can write 



e'^' k{Y)e''' - k{Y) 



tc 



e'^' (j){Y)e''^ ds 



sC, 



(1.19) 



Since the right hand side of this identity is trace class for every y e and i e M, we conclude from 



k{X)e-^'~ - k{X), 



(1.20) 
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and the Feldman-Hajek-Shale theorem (see, e.g., [ ]) that the Gaussian measure ujx.t and ljx are equiva- 
lent and that Relation (1.4) still holds in the following form 

For the same reason, Equ. (1.18) for the generalized Evans-Searles functional gt{X, Y) remains valid in 
the thermodynamic limit. 



1.9 Large time limit I: Scattering theory 

Taking the limit i — > cx) in (1.19), (1.20) we obtain the formal result 

D-^\ = lim = D^^+ / e''^ (l>{X)e'^ ds, 

which we can interpret in the following way: the state ijJx,t, Gaussian with covariance Dx,t, converges 
?&t ^ CO towards a non-equilibrium steady state (NESS) lox,+, Gaussian with covariance Dx^+, which 
formally writes 

dujx,+ {p,q) = 

_J_Q-iPH{p,q)-Xr^H^^{p,q)-XnHAj,{p,q)+f°^{Xr.'S>L.s{p,q)+Xn'S>R.s{p,<}))ds)^^^^^ 
^X,+ 

This formal expression is a special case of the McLennan-Zubarev non-equilibrium ensemble (see [McL, 
Zul, Zu2]). In this and the following sections we shall turn this formal argument into a rigorous construc- 
tion. 

The study of the limit i — oo in our infinite dimensional harmonic system reduces to an application of 
trace class scattering theory. We refer to [RS3] for basic facts about scattering theory. We start with a few 
simple remarks: 

(i) We denote by "H = ^c(^) ® ^c(^) — ^c(^) ® '^^ complexified phase space and extend all 
operators on F to "H by C-hnearity. The inner product on the complex Hilbert space H is written 

(ii) h — ho — V is finite rank and hence trace class. Since ho > 1 and h > 1, h^/^ — h^^ is also trace 
class. 

(iii) = {h'^/'^~hy'^)h'Q^''^\sir&cec\&ss.i:h&s&m&\sUn&forhy'^h-^/'^-l,^ 
and /i-i/2/,i/2 _ j_ 

(iv) Lo — ihy^ jhy^ and L ~ ih^^^jh^^'^ are self-adjoint, L — Lq is trace class and 

Note that iLo (respectively \L) acting on % is unitarily equivalent to Co (respectively C) acting on 
the "energy" Hilbert space ^c(^) ® ^c(^) equipped with the inner product {(f)\ijj)hn — ((/)|/io|'0) 
(respectively {(l)\4:)h = {<t'\h\il})). 

(v) L has purely absolutely continuous spectrum. 

(vi) The Hilbert space % has a direct decomposition into three parts, % — Hl ® He © "H-b., corresponding 
to the three subsystems TZl,C and TZr. We denote by Pl, Pc and Pr the corresponding orthogonal 
projections. 
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(vii) This decomposition reduces Lq so that Lq = ® Lc © Lr. The operators Ll and Lr have purely 
absolutely continuous spectrum and Lc has purely discrete spectnmi. In particular, Pl + Pr is the 
spectral projection of Lq onto its absolutely continuous part. 

By Kato-Birman theory, the wave operators 



exists and are complete, i.e., 



W± = s - lime'*^e-'*^°(Pz, + Pr) 



=s-lime"^°e-'*^, 



also exists and satisfy WJ^Wi = Pl + Pr, W±W±. = 1. The scattering matrix S = W^W- is unitary 
on Hl ® 'Hr. a few more remarks are needed to actually compute S: 



(viii) One has 



U*LqU ■ 



Qo 
-Oo 



U*LU 



n 
-ft 



where Cl = \/l — A and CIq = \/l — Aq are discrete Klein-Gordon operators and U is the unitary 



V2 



1 i 
i 1 



(ix) It follows that 



where 



W± = U 



w± 




w±=s- lime'"'e-'*"''(Pi, + Pr). 

t— >±oo 







u*. 



In particular, one has 

[ w^w+ 
(x) By the invariance principle for wave operators, we have 

w±=s- lime""'e-'*"op^^(n2) 

= s - lime'*(-^)e-^*(-^'''Pac(-Ao). 

t^-zboo 



(1.21) 



We proceed to compute the scattering matrix. A complete set of (properly normalized) generahzed eigen- 
functions for the absolutely continuous part of — Aq is given by 



(l>cT,kix) = \j -6{ax - N)sm.k\ax - N\, {a,k) e {-,+} x [0,7r], 

where 9 denotes the Heaviside step function and — Ao^o-,fc = 2(1 — cos k)4>„^k- For the operator —A, such 
a set is given by 



X<7,k{x) = 



Aakx 



27r 



(a,fc)e{-,+}x[0,7r]. 



Since 

we deduce that 



(1.22) 
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We shall denote by f)fc± the 2-dimensional generalized eigenspace of Lq to the "eigenvalue" ±e(fc) = 
iVS — 2cosfc. The space i)k+ is spanned by the two basis vectors 







and f)fe_ is the span of 



In the direct integral representation 



the scattering matrix is given by 



where, thanks to (1.21) and (1.22), the on-shell 5-matrix Sfj.{k) is given by 



1 

1 



(1-23) 



1.10 Large time limit II: Non-equilibrium steady state 

We shall now use scattering theory to compute the weak limit, as t oo, of the state ujx,t- Setting 
X = XlPl + XrPr for X = {Xl.Xr) € R^, one has 

k{X) = XlHl + XrHr = hl'^Xhl'^. 
Energy conservation yields e~*^ofc(X)e^*^f — k{X) and 

= e*^*/ll/2/l-l/2;,l/2g-i*Lo^gitLo/jl/2/j-l/2/^l/2gt£ 

By Property (ii) of the previous section, one has 

s - lim e"^/i-i/2/iy^e-"-^°(PL + Pr) = W±, 

t— )-±oo 

s-lim e«^«;iy';i-i/V*^ = w^i, 

t— >±oo 



and so 



It follows that 



s - lim e*^*A:(X)e*^ = /ii/2l^±XM/^/ii/2_ 

t— >-±oo 



(1.24) 



s - lim Dx.t = s - lim (/3/i - c"''' A:(X)c"''') 



= (/3/i - h^/'^W^XWlh^''^)-^ 

= h-^'^W^iP - X)-^W*_h-^/^ = Dx,+, 



(1.25) 
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which implies that the state ujx.t converges weakly to the Gaussian measure ujx,+ with covariance Dx,+ - 
The state ijJx.+ is invariant under the Hamiltonian flow e*^ and is called the non-equilibrium steady state 
(NESS) associated to the reference state ojx- Note that in the equilibrium case = Pr the operator X is 
a multiple of the identity and 

Dx.,+ = {fiLhr\ 

which means that the stationary state lox,+ is the thermal equihbrium state of the coupled system at inverse 
temperature Pl = Pr- 



Exercise 1.6. If Xl 7^ Xn then is singular w.r.t. lox, i.e., 

Dx]+ - Dx' = hl'^Xhl'^ - h^/^W,XWlh^'\ 
is not Hilbert-Schmidt. Prove this fact by deriving explicit formulas for W-Pl/rW1 



Exercise 1.7. Compute i^x,+ {^l/r) = 5tr(^x, and show that 

coxM^l) = -ujxA'^b) = k{Tl - Tr), 
where /r — is the temperature of the left/right reservoir and 

V5-1 

K — . 

2n 

Note in particular that u!x,+ {^l) + ^x,+ {^r) — 0. What is the physical origin of this fact ? Show 
that, more generally, if w is a stationary state such that a;(p^ + q^) < 00 for all x E Z, then uj{^l) + 
lo{^r) = 0. 

Using the result of Exercise 1.7 we conclude that 

= Xlujx,+ {^l) + Xrujx,+ {^r) 
= {Xl-Xr)ljxA'^l) 



TlTr 



>0, 



provided Tl ^ Tr. This implies that the mean entropy production rate in the state ujx is strictly positive 
in the asymptotic regime^. 



1 /■* 

lim a;x(S*) = lim - / ujx{crx.s) ds = lim ujx.ti'^x 
and that it is constant and strictly positive in the NESS uJx,+, 



) = ^x,+ i(^x) > 0, 



1 



^x,+ i^^) = - I ^x,+ i<7x,s) ds = ujx,+ i(^x) > 0. 







^Recall that if limt— >-|-oo f{t) = o, exists then it coincide with the Cesaro limit of / at +00, limy_>_|_oo T ^ f{t) dt 
and with its Abel limit, lim^j^o V /o°° dt = a. 
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1.11 Large time limit III: Generating functions 

In this section we use scattering theory to study the large time asymptotic of the Evans-Searles functional 
et{a) (Equ. (1.11)) and the generalized Evans-Searles functional gt{X, Y) (Equ. (1.16)). 
Starting from Equ. (1.18), and using (1.19) to write 



Tf = -D 



X 



(e*^'A:(y)e*^-fc(r)) ^ / Dxe'^' ^{Y)e'^ ds 



we get 



= -^trlog(l+rO 



^ d 
2t 



/ — trlog(l +uTt)dw. 
Jo du 



Using the result of Exercise 1.8, we further get 
1 



t 



1 

gt{X,Y) = -- tY({l+uTtr^Tt)du 



1 ft 



^0 

1 i-t 



2t 
1 

2t 
1 

2i Jo Jo 
1 

2 ./o Jo 



tr ( (1 + uTtY' Dxe'^' <j>{Y)e''' ) dsdu 



tr 



D^^ - u ( c*^* A:(r)c*^ -HY))) e"^' (j){Y)e 



■.sC 



1 pi 



tr 



^stC 



(^D^^ - u (e*^' fc(y )e*^ - k{Y)^ ) ' e"*^' (j){Y) 



ds du 
ds du. 



Writing 



^stC 



and using (1.24) and (1.25), we obtain 

s - lim e'**^ (^D^^ - u (e*^' k{Y)e*^ - k{Y)^ ^ 



= (/i^/^ (w^(i3- X + uY)-'^Wl~uW+YW;_'^ h^^^y 
= h-^^/^W- (/? - X - u{S*YS - r)) ^ Wl 
for all s g]0, 1[. Since (j>{Y) is trace class (actually finite rank), we conclude that 



5(X,y)= lim \tiX,Y)^-l 

t-^oo t ^ Jo 



tr 



where 



(/3-x-M(5*fs'-y)) r 
r = wih-^^'^(i3(Y)h-^/'^w^. 



du, 
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To evaluate the trace, we note that the scattering matrix S and the operators X, Y all commute with Lq 
while the trace class operator T acts non-trivially only on the absolutely continuous spectral subspace of 
Lq. It follows that 



tr 

=tr 



/3 - X -u{S*YS -Y)) T 



l-u{/3-X)-^{S*YS-Y)) {I3-X)-^T 



(1.26) 



,. — I- -^0 „ — 1_ 



d/fc. 



Set 



A{ji) 



-')|t|/ 



(^.,fe.±|e'*^''re-'*^«|V.',fc',±) 



2^' 



B{v)=V I e-''*(7A..,,±|^|Va',fc'.±)^, 



where 



By the intertwining property of the wave operator, we have 



dt 



and an integration by parts yields that 



A{ri) = B{7^), 



(1.27) 



for any 77 > 0. Let us now take the limit in this formula. Since V'cr.fc.± is a generalized eigenfunction 
of Lq to the eigenvalue zLe{k), we get, on the left hand side of (1.27), 

-00 

Using (1.24), the Abel limit'' on the right hand side of (1.27) yields 



ZTT 

- ^{^.,k,±\Y - S±{kyYS±{m,,,k.±)5{k - k'), 

2,71 



and we conclude that 



1 



(V'a,fe,±|r|Va',fe,±) = Tr^-^-^kMY - S±(.k)*YS±{k)\tp^,,k,±)e'{k). 

Z'K 



Note that the operator Y acts on the fiber as the matrix 

Y 










[lfc± 








(1.28) 



(1.29) 



See footnote 2 on page 19 
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Relation (1.28) allows us to write 



(7=± 



2tt 



du 



tr 



log (l - u{f3 - X)-\S^{krYS^{k) - ?)) 



277 ■ 



Inserting the last identity into (1.26) and integrating over u we derive 



Ids 



-iP-X)-\S^ikrYS^ik)-Y) 



de(fc) 
47r 

de(fc) 
47r 



Remark. The last formula retains its validity in a much broader context. It holds for an arbitrary number 
of infinite harmonic reservoirs coupled to a finite harmonic system as long as the scattering approach 
sketched here applies. Furthermore, the formal analogy between our Hilbert space treatment of harmonic 
dynamics and quantum mechanics suggests that quasi-free quantum systems could be also studied by a 
similar scattering approach. That is indeed the case, see Section 6.6. 



Invoking (1.23) and (1.29) leads to our final result 



(1.30) 



Note that g{X, Y) is finite for -T^ ^ < - < ^ and +oo otherwise. Since et{a) = gt{X, aX), 
one has 

e{a) = lim -et{a) = -Klog 1 + ^ " a{l - a) 

t^oo t \ IlJ^R 

which is finite provided 2|a - 1/2| < (T^ + Tji)/\Tl - Tji\ and +oo otherwise (see Figure 1.4). Note 
also the explicit symmetries g{X, X ~ Y) — g{X, Y) and e(l ~ a) — e{a) inherited from the finite time 
Evans-Searles symmetries (1.14) and (1.17). 



Exercise 1.8. Let M 3 a; i— >^ ^i^) be a differentiable function with values in the trace class operators 
on a Hilbert space. Show that if ||A(a:o)|| < 1 then x t-^ trlog(l + A{x)) is differentiable at xq and 



d 

da; 



Hint: use the formula 



valid for \a\ < 1. 



trlog(l + A(a;)) 



log(l + a) 



tr((l+A(xo))-M'(a;o)) 



t t + a 
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Figure 1.4: Solid lines: the generating function a ^ t~^ef (a) for various values of t and finite reservoirs 
{N = 20, M = 300). The slope at a = 1 is ujx{^*), compare with Figure 1.3. Dashed line: the limiting 
function a i— > e{a) for infinite reservoirs. 
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1.12 The central limit theorem 



As a first application of the generalized Evans-Searles functional g{X, Y), we derive a central limit theorem 
(CLT) for the current fluctuations. To this end, let us decompose the mean currents into its expected value 
and a properly normalized fluctuating part, writing 



1 



for j e {L, R}. By Definition (1.16), the expected mean current is given by 



^ ux{<^,,s)ds^-dY,\gt{X,Y) 



Y=0 



while the fluctuating part is centered, ujxi^^j.t) = 0, with covariance 



iux{S<P',5^i)^ dndY,-gtiX,Y) 



Y=0 



For large t, the expected mean current converges to the NESS expectation 



lim - 

i— f oo t 



To study the large time asymptotics of the current fluctuations = ((5$^, <5$^) we consider the charac- 
teristic function 



0.x (e™')=c.x (c'^^^^*^'(*- 



i.e., the Fourier transform of their distribution. To control the limit t 
which is the object of the following exercise. 



(1.31) 

oo, we need a technical result 



Exercise 1.9. Show that for a given f3]^ > and > there exists e > such that the function 

Y ^ gt{X, Y) is analytic in D^ = {Y ^ {Yl.Yr) S | < e, \Yr\ < e} and satisfies 



sup 

YeD^ 
t>o 



]9t{X,Y) 



< oo. 



(1.32) 



Hint, start with (1.18) and use the identity logdet(l - T) = tr(log(l 
log(l-z) = -z/(z)toobtainthebound|logdet(l-r)| < |ir|| i/(||r|| 
denotes the trace norm of T. 



- T)) and the factorization 
where ||T||i = tr(Vr*T) 



The convergence result of the preceding section and the uniform bound (1.32) imply that 



lim lgt{X,Y)=g{X,Y), 

uniformly for Y in compact subsets of D^, that all the derivatives w.rt. Y of jgt{X, Y) are uniformly 
bounded on such compact subsets and converge uniformly to the corresponding derivatives of g{X, Y) 
(see Theorem B.l in Appendix B). For Y E C'^ and t > large enough, Equ. (1.31) can be written as 



UJx 



exp 



t -gt X, 



Y 



Y 



Vy-gt ) (^,0) 



and the Taylor expansion of jgt{X^ Y) around Y = Q yields 



:9t X, 



Y 



Y 



■ (Vyjg,) (X,0) = -l-J2(^dy^dY^^g,^ iX,0)Y,Yk + Oit-'/') 
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from which we conclude that 



with a covariance matrix D — [Djk] given by 



limc.x(c'^-^*'Ue-5^°^, (1.33) 



D,, = ^lim (^dy^dy^^g?! {X,0) = (dy^dy^g) {X,0). 

Evaluating the right hand side of these identities yields 

Du = D22 = -Di2 = -D21 = n{Tl + Til) . 

Since the right hand side of (1.33) is the Fourier transform of the centered Gaussian measure on with 
covariance D, the Levy-Cramer continuity theorem (see e.g.. Theorem 7.6 in [ ]) implies that the current 
fluctuations (5#* converge in law to this Gaussian, i.e., that for all bounded continuous functions / : — > 

M 

lim LOxifiS^')) = [ f{<l^, -0)e-^'/2^ (1.34) 

where X) — n (T| + T^) . Note in particular that the fluctuations of the left and right mean currents are 
opposite to each other in this limit. 



Exercise 1.10. Use the CLT (1 .34) and the results of Exercise 1 .7 to show that 

1 /•* 

7 / ($L,. + $fl.s) 
in probability as t ^ 00, i.e., that for any e > the probability 



tends to zero as t — > cx). 



I ($L,. + $fl,s) ds >e|^ , (1.35) 



It is interesting to compare the equilibrium (Tl — Tp;} and the non-equilibrium (T^ 7^ Tii) case. In the 
first case the expected mean currents vanish (recall that in this case ijJx.+ is the equilibrium state) while in 
the second they are non-zero. In both cases the fluctuations of the mean currents have similar qualitative 
features at the CLT scale In particular they are always symmetrically distributed w.rt. 0. 

1.13 Linear response theory near equilibrium 

The hnear response theory for our harmonic chain model follows trivially from the formula for steady heat 
fluxes derived in Exercise 1.7. Our goal in this section, however, is to present a derivation of the linear 
response theory based on the functionals gt{X, Y) and g{X, Y). This derivation, which follows the ideas 
of Gallavotti [ ], is applicable to any time-reversal invariant dynamical system for which the conclusions 
of Exercise 1.9 hold. For additional information and a general axiomatic approach to derivation of linear 
response theory based on functionals gt{X^ Y) and g{X, Y) we refer the reader to [JPR]. 
Starting from 

1 

V 



lim dy^,j^ -:gt{X, Y) 



= wx,+ ($l/_r), 



and using the fact that the derivative and the limit can be interchanged (as we learned in the previous 
section) one gets 

- dy,,,giX,Y)\y^,^^xA'^L/B.)- (1.36) 
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Remark. The main result of Section 1.11, which expresses the Evans-Searles function g{X, Y) in terms 
of the on-shell scattering matrix, immediately implies 



E 



trh 



log (l - (/3 - X)-\S,{kYYS^{k) - Y)) 

de{k) 



de(fc) 



47r 



^=0 



4tt ' 



which can be interpreted as a classical version of the Landauer-Biittiker formula (see Exercise 6.13). 
The Onsager matrix L = [Ljk]j^ke{L.R} defined by 

Ljk = 9x,a;x,+ («'j)|^^o, 
describes the response of the system to weak thermodynamic forces. Taylor's formula 

wx,+ ) - E ^i''^^ +o{X), (X^O), 

k 

expresses the steady currents to the lowest order in the driving forces. From (1.36), we deduce that 

Ljk = -dx,dY^9{X,Y)\^^^^^. 

The ES symmetry g{X, X -Y) = g{X, Y) further leads to 

dx,dY,g{X, Y) = dxjY,g{X. X-Y) 

= -dxAdY,g)iX,X-Y) 

= -idxjY,g)ix, X-Y)- {dndY,g)ix, X-Y), 



so that 



and hence 



dx,dY,giX,Y) 



1 



X=Y=0 



dY,dY,g{X,Y) 



X=Y=0 



L,k^ -dY,dY,g{%Y) 



(1.37) 



(1.38) 



Since the function g(0, Y) is at y = 0, we conclude from (1.38) that the Onsager reciprocity relation 

L.jk = Lk.j, 



hold. 



Exercise 1.11. In regard to Onsager relation, open systems with two thermal reservoirs are special. 
Show that the Onsager relation follow from the conservation law 

ujxA^l) +t^xA'^R) = 0- 

Time-reversal invariance plays no role in this argument! What is the physical origin of this derivation? 
Needless to say, the derivation of Onsager reciprocity relation described in this section directly extends 
to open classical systems coupled to more than 2 thermal reservoirs to which this exercise does not 
apply. 
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The positivity of entropy production implies 

SO that the Onsager matrix is positive semi-definite. In fact, looking back at Section 1.12, we observe 
that the Onsager matrix coincide, up to a constant factor, with the covariance of the current fluctuations at 
equilibrium, 

1 



This is of course the celebrated Einstein relation. 

For our harmonic chain model the Green-Kubo formula for the Onsager matrix can be derived by an 
explicit computation. In the following exercises we outline a derivation that extends to general time-reversal 
invariant dynamical systems. 



Exercise 1.12. Show that the Green-Kubo formula holds in the Cesaro sense 



Ljk= lim ^ / \ I a;o($j$fe,r)dr 

t^OO t Jq [2 



ds. 



Hint: using the results of the previous section, rewrite (1.38) as 



Ljk = lim dY^dY^^gt{0,Y) 



and work out the derivatives. 



Exercise 1.13. Using the fact^ that {5x\e^^^^~^\5y) = 0(t~^/^) as t -> od {S^ is the Kronecker 
delta at a; £ Z), show that wo(*I'j4'fe,t) = 0{t~^). Invoke the Hardy-Littlewood Tauberian theorem 
(see, e.g., [Ko]) to conclude that the Kubo formula 

1 /■* 

Ljfc = hm - / wo($j$fc.r) dr, 

t-^oo Z J 

holds. 

^This follows from a simple stationary phase estimate. 



1.14 The Evans-Searles fluctuation theorem 

The central limit theorem derived in Section 1.12 shows that, for large t, typical fluctuations of the mean 
current with respect to its expected value ujx{^*') are small, of the order t^^/^. In the same regime 
t CO, the theory of large deviations provides information on the probability of occurrence of bigger 
fluctuations, of the order 1. More precisely, the existence of the limit"*, 

g{X, Y) = lim \ log / e"*^'^ dQ\s), (1.39) 

t-i-oo t I 



The distribution Q* oftlie mean current #* was introduced in Exercise 1.4 
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and the regularity of the function Y i— > g{X, Y) allow us to apply the Gartner-Ellis theorem (see Exercise 
1.15 below) to obtain the Large Deviation Principle (LDP) 

- inf Ix{s) < liminf - log Q*(G) < limsup - log Q*{G) < - inf Ix{s), 

seint(G) t->-oo t t-).oo t secl(G) 

for any Borel set G C M^. Here, int(G) denotes the interior of G, cl(G) its closure, and the rate function 

Ix -.R' 



[—00, 0] is given by 



Jx(s) = - inf {Y-s + g{X,Y)) 



The symmetry g{X, Y) — g{X, X — Y) implies 

Ix{-s)=X-.s + Ix{s). 
The last relation is sometimes called the Evans-Searles symmetry for the rate function. 



(1.40) 



Exercise 1.14. Show that 



Ix{sl,sr) 



+CX) if sl + Sfl ^ 0, 

F{e) ifsL--Sfi = -^sinh( 



where 



F{e) = K 



2 sinh-^ o ~ ^ sinh 6* - log ( ( 1 

2 Po 



Pi 



cosh - 



/3o = /3 - (Xl + Xji)/2 and S = {Xl - Xr)/2. Show that Ix{sl,sr) is strictly positive (or +00) 
except for Sl = —sr = u!x,+ {^l) where it vanishes. Compare with Figure 1.5. 




Figure 1.5: The rate function Ix{s, —s) (solid line). Notice the asymmetry which reflects the fact that 
Xl > Xr. The dashed vertical line marks the position of the mean current ujx.+{^l) > 0. In contrast, 
the rate function Ix{s, — s) in the absence of forcing, Xl — Xr, (dotted line) is symmetric around zero. 
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The LDP provides the most powerful formulation of the Evans-Searles or transient fluctuation theorem. 
In particular, it gives fairly precise information on the rate at which the measure Q* concentrates on the 
diagonal {{ip, —(p) | </) G M} (recall Exercise 1.10): the probability (1.35) decays super-exponentially as 
i — ?> oo for any e > 0. Taking this fact as well as the continuity of the function F{9) into account, we 
observe that for any interval J C M one has 

lim - logQ*(J X M) = - inf Ix{s, -s). 

A rough interpretation of this formula 







identifies Ix (—0, <P) as the rate of exponential decay of the probability for the mean current to deviate from 
its expected value ujx,+ {^l)- More precisely, one has 

lim lim - \ogQ*{[(j)-S,(t) + S]xR) = -Ix{(j),-(j)). (1.41) 

510 t->oo t 

The symmetry (1.40) implies 



and it follows that 



lim lim - log ^X\n. .\ .1 ^^ ^-(^L- Xr)cP, (1.42) 



or, in a more sloppy notation. 



LOX 



ujx 



({i/*<i>L.d. = 0}) 



e 



-t{XL-XR)4, 



This shows that the mean current is exponentially more likely to flow from the hotter to the colder reservoir 
than in the opposite direction, i.e., on a large time scale, the probability of violating the second law of 
thermodynamics becomes exceedingly small. Note also that (1.42) is (essentially) a considerably weaker 
statement then (1.41). Relation (1.42), after replacing lim with lim sup /lim inf can be derived directly 
from the finite time symmetry gt{X^ Y) — gt{X, X — Y) and without invoking the large deviation theory. 



Exercise 1.15. Check that the Gartner-Ellis theorem (Theorem A. 6 in Appendix A. 3 applies to 
(1.39), i.e., show that the function Y h- > g(X, Y) given in Equ. (1.30) is differentiable on the domain 
V = {{Yl,Yr) e ]R2 I - T^^ <Yr~Yl < T£^} where it is finite and that it is steep, i.e., 

for Yo e dV. 



Exercise 1.16. Apply the Gartner-Ellis theorem to the generating function e{a) to derive a LDP for 
the mean entropy production rate S*, i.e., for the probability distribution P* of Section 1.6. 
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1.15 The Gallavotti-Cohen fluctuation theorem 

In this section we briefly comment on the Gallavotti-Cohen fluctuation theorem for a thermally driven 
harmonic chain. Let us consider the cumulant generating function of the currents in the NESS 

Evaluating the Gaussian integral yields 

g+,t{X,Y) = - ^ logdct (l - Dx,+ (e*^*fc(r)e*^ - . 
Proceeding as in Section 1.11, one shows that 

g+{X,Y) - lim ^g+AX,Y) - lim ^gt{X,Y) - g{X,Y). 

Hence, g-\-{X, Y) and the corresponding rate functions = ^x{s) inherit the symmetries 

g+iX,Y)=g+{X,X-Y), (-s) = X • ,s + 7;^ ,+ (s) . 

Via Gartner-Ellis theorem, the functional Ix.+ {s) control the fluctuations of as t oo w.rt. ujx,+ and, 
after replacing ux with Ldx.+ (so now Q^{f) = wjsf, + (/($*), etc) one can repeat the discussion of the 
previous section line by line. The obtained results are called the Gallavotti-Cohen fluctuation theorem. 

Since ujx.+ is singular w.r.t. ujx in the non-equilibrium case X^ ^ Xr, the Gallavotti-Cohen fluctu- 
ation theorem refers to configurations (points in the phase space) which are not seen by the Evans-Searles 
fluctuation theorem (and vice versa, of course). The identity g^{X,Y) — g{X,Y), which was for the 
first time observed in [ ], may seem surprising on the first sight. It turned out, however, that it holds 
for any non-trivial model for which the existence of g+{X, Y) and g{X, Y) has been established. This 
point has been raised in [ ] to the Principle of Regular Entropic Fluctuations. Since we will not discuss 
quantum Gallavotti-Cohen fluctuation theorem in these lecture notes, we refer the reader to [JPR, JOPP] 
for additional discussion of these topics. 
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Algebraic quantum statistical 
mechanics of finite systems 

We now turn to the main topic of these lecture notes: quantum statistical mechanics. This section is devoted 
to a detailed exposition of the mathematical structure of algebraic quantum statistical mechanics of finite 
quantum systems. 

2.1 Notation and basic facts 

Let /C be a finite dimensional complex Hilbert space with inner product linear in the second argu- 

ment'. Recall the Schwarz inequality {iIj\4>) < HV'II where equality holds iff -0 and (j) are collinear. 
In particular ||0|| = sup||^,||^]^(-0|(/)). We will use Dirac's notation: for ■(/; e /C, (-01 denotes the linear 
functional K.3 (p^ ("010) ^ C and its adjoint C 9 a H> a0 G JC. 

We denote by O the *-algebra- of all linear maps A : /C — > /C. For A E O, \\A\\ = sup||^,||^]^ W^i'W 
denotes its operator norm and sp(A) its spectrum, i.e., the set of all eigenvalues of A. Let us recall some 
important properties of the operator norm. Since \\Aip\\ < \\A\\ ||?/'||, it follows that < \\A\\ \\B\\ for 

all A,B eO. Since 

P*0|| = sup (0|A» sup (A^|0) < ||A|| 

^11=1 lIV-INi 

and A** = A, one has = for all A e O. Finally, from the two inequalities \\A*A\\ < 

\\A*\\ \\A\\ ^ and 

\\Af = sup = sup (A^jIAiP) ^ sup {^jj\A*A^/j} < \\A*A\\, 

IV' II— 1 II'V^II— 1 IIV'II— 1 

on deduces the C* -property \\A*A\\ = 

The identity operator is denoted by 1 and, whenever the meaning is clear within the context, we shall 
write a for al and a E C. Occasionally, we shall indicate the dependence on the underlying Hilbert space 
K, by the subscript /c (Ojc, Ijc, etc). 

To any orthonormal basis {ei, . . . , cat} of the Hilbert space /C one can associate the basis {Eij — 
\e^){ej\\i,j = 1,..., N} of O so that, for any X & O, 

N 

where Xij = {ei\Xej). Equipped with the inner product 

iX\Y) = tiiX*Y), 

' Many different Hilbert spaces will appear in the lecture notes and in latter parts we will often denote inner product by ( ■ | ■ ) 
^See Exercise 2.1 below. 



31 



Jaksic, Ogata, Pautrat, Pillet 



O becomes a Hilbert space and {-E^ } an orthonormal basis of this space. 
The self-adjoint and positive parts of O are the subsets 

0,,if = {A&0\A* = A}, 
0+ = {A e O I (V'l^V') > for all € /C} C O.cif • 

We write A>Qii A e 0+ and A> Bii A-B >Q. Note that A&0+iEA& O^^i and sp(A) c [0, oo[. 
If A > and Ker A = {0} we write ^ > 0. 

A linear bijection d : O ^ O in called a *-automorphism of O if {j{AB) = (}{A) d{B) and = 
'd{A)* . Aut(O) denotes the group of all * -automorphisms of O and id denotes its identity. Any {} G 
Aut(O) preserves O^eif and satisfies = 1 and d{A-'^) = 'd{A)-'^ for all invertible A e O. In 
particular, — A)~^) ~ {z — and sp(i?(A)) = sp(A). It follows that 1? preserves 0+ and is 

isometric, i.e., \\i9{A)\\ = \\A\\ for all Ag O. 

Let /Ci and IC2 be two complex Hilbert spaces of dimension Ni and N2. Let {e^^\ . . . ,e^j} and 
{e^i\ . .., ej^^} orthonormal basis of /Ci and IC2. The tensor product /Ci (g) /C2 is defined, up to iso- 
morphism, as the Ni x A^2 -dimensional complex Hilbert space with orthonormal basis {e^^^ e-^^ \ii = 
1, . . . ,Ni;i2 = 1, . • • , N2}, i.e., /Ci ® IC2 consists of all linear combinations 

iVi N2 
ii=l j2=l 

the inner product being determined by (e^^^' R,-,^'' Icjj'' ® ej^"*) = ShjiSi2j2- The tensor product of two 
vectors V' = Xlil^i V'^e^^'' € /Ci and = X^ilfi 01*^^' /C2 is the vector in ICi (8) /C2 defined by 

Ni N2 

V'®<^ = E E^'i^^^ 4'^® elf- 

ii = l 12 = 1 

The tensor product extends to a bilinear map from /Ci x /C2 to JCi (8) /C2- We recall the characteristic 
property of the space /Ci IC2: for any Hilbert space /C3, any bilinear map F : ICi x IC2 IC3 uniquely 
extends to a linear map f : /Ci (g) /C2 — > ^3 by setting Ftp <S) (j) — F{tp, cp). 

The tensor product of two linear operators X G OjCi and Y G Ojc^ is the linear operator on /Ci (g) K2 
defined by 

{X ®Y)%P®(p^ X%P® Y(f>, 

and Oyci (g Ck;2 is the *-algebra generated by such operators. Denoting by {E'^^j^} and {Ejfj^} the basis 

of OjCi and 0^:2 corresponding to the orthonormal basis {e|^^} and {e^^'} of K-i and IC2, the iVf x 
operators 

-^»i»2,Jij2 ^1131^^1232 I'^ii ^^i2l\^h 

form a basis of OiCirsK2 - This leads to a natural identification of C';ci«!k;2 and ® . 

If A G sp(A) we denote by Px the associated spectral projection. When we wish to indicate its depen- 
dence on A we shall write P\{A). If A e Cseif> we shall denote by Aj(A) the eigenvalues of A listed with 
multiplicities and in decreasing order. 

If f(z) = Yl^=o '^nZ^ is analytic in the disk |z| < r and || A|| < r, then f{A) is defined by the analytic 
functional calculus, 

f{A) = J2 anA" = j f{w){w - A)-^ ^ 
^0 J\M=r' 27ri 

for any \\A\\ <r' < r. If A e Cseif and / : R C, then f{A) is defined by the spectral theorem, i.e., 

f{A)= /WA. 

Aesp(A) 
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In particular, for A G 0+, 

xesp(A) 

where log denotes the natural logarithm. We shall always use the following conventions: log = — oo and 
log = 0. By the Lie product formula, for any A,B £ O, 

^A/n^B/n\ ^ ^-^ LA/2n^B/n^A/2n\ _ (2.I) 

/ n—>-oo \ / 

For any A € O, A* A > and we set |A| = y/A*A e 0+ and denote by iJ-j{A) the singular values of A 
(the eigenvalues of \A\) Usted with multipUcities and in decreasing order. Since mV"!!^ = II I^IV'lP has 
Kcr \A\ = KctA and Ran |^| = Ran^*. It follows that the map U : Ran^* 9 {Alip t-^ Aip e Ran A is 
well defined and isometric. It provides the polar decomposition A= U\A\. 



Exercise 2.1. A complex algebra is a complex vector space A with a product Ax A ^ A satisfying 
the following axioms: for any A,B,C & A and any a e C, 

(1) A{BC) = {AB)C. 

(2) AiB + C) = AB + AC. 

(3) a{AB) = {aA)B = A{aB). 

The algebra A is called abelian or commutative if AB = BA for all A, B e A and unital if there 
exists 1 €A such that Al = lA = Afoi aH A G A. 

A ^-algebra is a complex algebra with a map A3 A ^ A* & A such that, for any A,B & A and 

any a € C, 

(4) A** = A. 

(5) {AB)* = B*A*. 

(6) {aA + Bf =aA* +B*. 

A norm on a *-algebra ^ is a norm on the vector space ^ satisfying ||^-B|| < ||j4|| ||_B|| and ||j4*|| = 
ll^ll for all A,B e A. A finite dimensional normed *-algebra ^4 is a C* -algebra if ||^*^|| = || A|p 
for a&A& A. (If A is infinite dimensional, one additionally requires A to be complete w.r.t. the norm 
topology). 

Show that if /C is a finite dimensional HUbert space then the set O of all hnear maps j4 : /C — )• /C is a 
unital C* -algebra. 



Exercise 2.2. Prove the Lowner-Heinz inequaUty: \f A,B & 0+ are such that A> B then A^ > B' 

for any s € [0, 1]. 

Hint show that {B + t)~'^ > {A + for &\\ t > Q and use the identity 



Exercise 2.3. 

1. Let A, B e O. Prove Duhamel's formula 

Jo 
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Hint: integrate the derivative of the function /(s) = e^^e'^ 

2. Iterating Duhamel's formula, prove the second order Duhamel expansion 

e^-e^= /'e*^(B-^)e(i-*)^ds+ e"^(B - A)e(^-")^(^ - B)e(i-^)^ duds. 

Jo Jo Jo 

3. Let P be a projection and set Q = 1 — P. Apply the previous formula to the case B = PAP to 
show that 

Pe^P = Pe''^''P+ f re("-«)^^^P^Qe(i-'')^g^Pe^^^^dsdu. 
Jo Jo 



Exercise 2.4. Let t9 e Aut(0). Show that there exists unitary e O, unique up to a phase, such 

thati?(A) = U^AU:^^. 

Hint show first that if P is an orthogonal projection, then so is i?(P) and tr(P) = tr(i?(P)). Pick 
an orthonormal basis {ei, • • • , e^} of K. and show that 'd{\ei) {ej\) = |e^)(e^ |, where {e'^, • • • , e^} is 
also an orthonormal basis of /C. Set t/^Cj = and complete the proof. 



Exercise 2.5. 

1. Let A e ©self- Prove the min-max principle: for j = 1, . . . , dim/C, 

Aj(A) =sup inf (VI^V'), 

s 11*1^^ 

where supremum is taken over aU subspaces S <Z K such that dim 5 = dim/C — j (recall our 
convention Ai(^) > \2{A) > ■ ■ ■ > AdimK:(^)- 

2. Using the min-max principle, prove that for A,B£ Oseif > 

\XM)-^j{B)\<\\A~B\\. 



2.2 Trace inequalities 

Let {tpj} be an orthonormal basis of /C. We recall that the trace of A G O, denoted ti{A), is defined by 

tv{A) = Y,{HA,p,). 

3 

For any unitary U G O, ti{A) = tr{UAU^^) and tr{A) is independent of the choice of the basis. In 
particular, if A is self-adjoint then tr(^) = J2j (^) G K and if ^ e 0+ then tr {A) > 0. 
Forp g]0, oo[ we set 

mil, = (trl^nVf = [l2H{Ar^ • (2.2) 

\\A\\ao — uiaxj iJ.j{A) is the usual operator norm of A. The function ]0, oo[ 9 p i-> ||^||p is real analytic, 
monotonicaUy decreasing, and 

lim \\A\\p = \\A\\^. (2.3) 

p— )-CSO 
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For p G [1, oo], the map O B A W^Wp is a unitary invariant norm. Since dim/C < cxd, all these norms 
are equivalent and induce the same topology on O. 

Let A = J7| A| be the polar decomposition of A and denote by {ipj} an orthonormal basis of eigenvec- 
tors of Then 

tT{BA) = J2{i^j\BU\A\i;,) = ^i,,{A){i;,\BUi,j), 

j 3 

from which we conclude that 

|tr(B^)| < ^M,(^)KV,|BC/Vi)| < \\B\\Y,n{A) = \\B\\ \\A\\^. (2.4) 

j j 

In particular, 

|tr(A)| < 

The basic trace inequalities are: 

Theorem 2.1 (1) The Peierls-Bogoliubov inequality: for A, B G Oseif. 

tr(e^e^) tr(Ae^) 
°^ tr(eS) - tr(eS) ' 

(2) The Klein inequality: for A,Bg 0+, 

tr(^logA- AlogS) > tT{A-B), 

with equality iffA = B. 

(3) The Holder inequality: for A,BgO and p,q G [1, oo] satisfying + = 1, 

\\AB\U<\\A\\,\\B\U. 

(4) The Minkowski inequality: for A,BgO and p G [1, oo], 

\\A + B\\,<\\A\\, + \\B\\,. 



Proof. (1) For A S sp{A) we set 



tr(eS) ' 

so that p\ e [0, 1] and X^;^Pa = 1- The convexity of the exponential function and Jensen's inequahty 
imply 

tr(e^e^) 



tr(e^ 



(2) If Ker B (fi Ker A, then the left-hand side in (2) is -|-oo and the inequality holds trivially. Assuming 
Ker B c Ker A, we set 

PA,M = tr(PA(A)P^(i?)), 

for (A, /x) G sp(A) X sp(S) so that pa,/^ G [0, 1], Y^x,ix Pa,/* = 1 and j3a,o = ^a,oPo,o- Then, we can write 

tr(^log A - AlogS) = Alog(A/M)pA,,.- 

The inequality x log x>x—\, which holds for a; > 0, implies that for A > and /x > 0, 

A A, A /A \ , 
A log - = /X - log - > 1 = A - /X, 
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and so 

tviAlogA-AlogB) > ^(A-Ai)pA,M = 
If the equality holds, then we must have 



Em 



"A. 


A 




— log 








^J■ 





where all the terms in the sum are non-negative. Since x log a; = x — 1 iff a; = 1, it follows that pa,/j = 
for A 7^ /i 7^ 0. We have already noticed that px Q = for A 7^ 0, hence we have p> ^ = for A 7^ /i and it 
follows that 

Px{A)P^iB)PxiA) - = P,,iB)Px{A)P^{B), 

for \^ [I. Since 

Px{A) =Y,Px{A)P^{B)Px{A) = Px{A)Px{B)Px{A), 

we must have P\{B) > P\{A) and sp(j4) C sp{B). By symmetry, the reverse inequalities also hold and 
hence B = A. 

(3) Equ. (2.3) implies that it suffices to consider the case 1 < p < 00. Denote by AB = U\AB\, A — V\A\ 
and B = W\B\ the polar decompositions of AB, A and B. Then 

\\AB\\i = tT\AB\ = ti{U*AB) = tT{U*V\A\W\B\) = liiJitT {U*V{\A\ + e)W{\B\ + e)). 
The function 

F,{z) = tT(U*V{\A\ + e)P^W{\B\ + e)"}^^-^^), 
is entire analytic and bounded on the strip < Re z < 1. For any y eM., the bound (2.4) yields 

\F,{iy)\ < trim + ^Y). \F.(l + iy)| < tr((|A| + ef). 
Hence, by Hadamard's three lines theorem (see, e.g., [RS J]), for any z in the strip < Re z < 1, 

|F,(z)| < [tr((|A| + ef)f^' M{\B\ + e)')]^-^^\ 
Substituting z = 1/p we get 

MU*V{\A\ + e)W{\B\ + < lll^l + ,U\B\ + 
and the limit e | yields the statement. 

(4) Again, it suffices to consider the case 1 < p < 00. Let q be such that p"^ +9^^ = 1- We first observe 
that 

\\A\\.p= sup MAC)\. (2.5) 

l|c|U=i 

Indeed, the Holder inequality implies 

sup \iT:{AC)\ < sup ||AC||i < \\A\\p. 
\\c\\^=i l|C||,=l 

On the other hand, if C = || A||p^^'|A|P/9C/* where A = U\A\ denotes the polar decomposition of A, then 
|1C||, 1 and tT{AC) = \\A\\p, and so (2.5) holds. Finally, (2.5) implies 

\\A + B\\p= sup \ti{(A + B)C)\< sup |tr(AC)|+ sup \tr{BC)\ ^ \\A\\p + \\B\\p. 

||C||, = 1 I|C||<, = 1 l|C||5 = l 

□ 

We shall also need: 
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Theorem 2.2 The Araki-Lieb-Thirring inequality: for A, _B G 0+, p > and r > 1, 

tr [[A^/^BA^/^Y^'^ < tr ((^''/^S^vl'-/^)?) . 



Proof. By an obvious limiting argument (replacing A and B with A + e and _B + e) it suffices to prove the 
theorem in the case A,B>0. We split the proof into four steps. 

Step]. lfA,B > 0,thenforO < s < 1, \\A^B^\\ < \\AB\\'. 
Proof. Let (j),tp £ ICbs unit vectors and 

{^\A^B^^) 
^("^ ~ \\ABt ■ 

The function F{z) is entire analytic and bounded on the strip < Rc z < 1. For y e M one has |F(i2/)| < 
1, \F{1 + iy)| < 1, and so by the three lines theorem, |F(2:)| < 1 for < Rcz < 1. Taking z = s, we 
deduce that 

mA'B^ij)\ < \\ABr, 

and 

Step 2. If A,B > 0, then for s > 1, \\A'B^\\ > \\AB\\'. 

Proof Let A = A\ B = B\ Then by Step 1, \\A^/'' B^^'\\ < and the result follows. 

Step 3. Set Xr = B^'/^A''/^, Yr = X*Xr = A^'^^B'^A''^'^ Let N = dim/C and denote by Ai(r) > • • • > 

AAr(r) the eigenvalues of listed with multiplicities. Then for 1 < n < A'^, 

n n 

n^.w>n^jW'^- (2.6) 

Proof. Let H = K,^" be the n-fold anti-symmetric tensor product of JC and r„(Fq) ~ Y^^ (the reader not 
familiar with this concept may consult Section 6.1). Step 2 yields the inequality 

||r„(i;)|| = ||r„(x,)*r„(x,)|| = \\r„iXr)f = \\T„iBy/'Tr.{Ar/^\\' 
> ||r„(i?)i/2r„(A)i/2||2- = ||r„(Xi)||2'- = ||r„(ri)ir, 

Since ||r„(i;)|| = nj=i >'jir), (2.6) follows, 
^fep 4. For 1 < n < N, 

71 n 

Proof. Set Oj (r) = log Aj (r). Then, by Step 3, Oj (?-) is a decreasing sequence of real numbers satisfying 

n n 



for all n. We have to show that for all n. 



^eP"^^'') > ^e^"™^^^). (2.8) 



Let y+ = max(i/, 0). We claim that for all y G M and all n, 



Y,{a,{r) ~ y)+ > ^(ra,(l) - y)+. (2.9) 
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This relation is obvious if rai(l) — y < 0. Otherwise, let A: < n be such that 

rai(l) -?/>••• > rafe(l) - y >0> rak+i{l) - y > ■■ ■ > ra„(l) - y. 
Then ~ v)+ = Z]j=i(™i(l) ~ v) ™d it follows that 

n /e 

^(a,(r) - y)+ > ^(a,(r) - y)+ > ^(a,(r) - y) 
i=i j=i j=i 

n 

> Y.^ra,{l) - y) = - y)+. 



The relation (2.9) and the identity 



imply (2.8) and (2.7) follows. In the case n = N the relation (2.7) reduces to the Araki-Lieb-Thirring 
inequality. □ 

Theorem 2.2 and the Lie product formula (2.1) imply: 

Corollary 2.3 For A,Bg Oscif the function 

[l,oo[3 p ^ ||e^/Pe^/P||P = tr([e^/Pe2^/''e^/f]P/2) 
is monotonically decreasing and 

lim lle^/Pe-^/Pr = tr(e^+-^). 

particular, the Golden-Thompson inequality holds, 

tr(e^e^) = ||e^/V/2||2>tr(e^+^). 

Exercise 2.6. 

1. Prove the following generalization of Holder's inequality: 

\\AB\\r<\\A\\p\\B\\g, (2.10) 
for p, (?, r e [1, oo] such that p^^ + q^^ = r^^. 

Hint: use the polar decomposition B = U\B\ to write \AB\'^ = l-B|C^I-B| with C = ^/U*\A\^U. 
Invoke the Araki-Lieb-Thirring inequality to show that ti{\AB\'') < tr(|C"'|B|''|) = ||C"'|S|''||i. 
Conclude the proof by applying the Holder inequality. 

2. Using (2.10), show that 

n 

Pi...A„ii.<np.iip., 

provided pj^ = r~^. 



Exercise 2.7. Show that for any A £ O and p G [l,oo] one has ||A*||p = ||^||p. In particular, if 
A,B€ ©self then 

\\AB\\p = \\BA\\p. (2.11) 
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Exercise 2.8. Let A,Bg Oscif ■ Prove that the function 

[l,cx)[3 p \\e^^Pe^/P\\P = tr([e^/Pe2^/Pe^/f]P/2) 

is strictly decreasing unless A and B commute (in which case the function is constant). Deduce that 
the Golden-Thompson inequality is strict unless A and B commute. 

Hint: show first that the function is real analytic. Hence, if the function is not strictly decreasing, it 
must be constant. If the function is constant, then its values at p = 2 and p = 4 are equal and 

tr(e^e^) = tr(e^/2gS/2gA/2gB/2)_ 
This identity is equivalent to tr([e^/2e^/2 - e^/^e^^^jie^^/^e^^^ - e^/^e^^^]*) = 0, and so 



Corollary 2.4 For A,B e 0+ and p>\ the function 



3a^\og\\A^B^-^\\l, 



IS convex. 



Proof. As in the proof of Theorem 2.2 we can assume that A and B are non-singular. We first note that for 
any s e]0, 1[ the Araki-Lieb-Thirring inequality implies 



A'B^'Yp = tr ( [B'A^'B'Y''^) = tr ( {B'A^'B 



ps/2 



<i.{[BA'Br")=\\AB\\ll. 

Applying the Holder inequality (2. 10), the identity (2.11) and the previous inequality one gets, for a, /3 € 
and A e]0,l[. 



||^AQ+(l-A)/3^1-(Aa + (l-A)/J)||p ^ 



< 



< 



^Aa^(l-A)/3^(l-A)(l-/J)^A(l-a) ||p 

^A(l-a)^Aa^(l-A)/?^(l-A)(l-^i) ||p 

nA(l-a) .Aqiip ||4(l-A)/3n(l-A)(l-/J)||P 

Hp/A II llp/(l-A) 

xAanA(l-a)||P |M (l-A)/3 n(l-A)(l-/3) np 

Hp/A II llp/(l-A) 

^a^l-a||App/J^l-;9||a-A)p^ 



Taking the logarithm of both sides yields the result. 



□ 



has a unique representation 



2.3 Positive and completely positive maps on O 

Denoting by {ei, . . . , bat} the standard basis of C^, a vector ^ JC ® 

N 

V' = ^ V-'j e j , 
i=i 

where %l>j G /C is completely determined by (0| V'j) — {4>® Cj \'4>) for all (j> E JC. Accordingly, an operator 
X e OiC(g,c" can be represented as a x block matrix 



X 



Xu Xi2 

X21 X22 

XjVl X]\[2 



XiN 

X2N 



X 



NN 
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where Xij e Oyc is completely determined by {(f)\Xijip) = {(f) (E) ei\Xip (E) Cj) for all 0, e /C, so that 

N 

X^= [X.j^Pj) (g) e,. 

In particular, X is non-negative iff 

>0, 

for all ^/^i, ... , ^/^Af S JC. Note that since Ojc E) Oqn is isomorphic to Oic^^n, the same block matrix 
representation holds for X g Ojc <S) O^n . 

Let $ : Ojc ^ Cyc' be a linear map. $ is called positive if $(0;^+) C 0^^'+- One easily shows 
that if $ is positive, then ^{X*) = <i>(X)* for all X € Ok- * is called N-positive if the map $ (Ki In : 
Cyc ^ Oc™ ~^ ^K.' ® is positive, where l^r is the identity map on O^n . Note that if X G Ok. ® Oqn 
has the block matrix representation [Xij], then $ (g) l7v(-'^) G Oyc' "8) Oc" is represented by the block 
matrix If $ is iV-positive for all N, then it is called completely positive (CP). $ is called unital 

if = Ik' and trace preserving if tr ($(X)) tr (X) for all X e Ok- 

Example 2.1 Suppose that JC = JCi ® JC2 and let $ : O^c ^ C'aCi be the unique map satisfying 

trK((B® l^JA) =trKi(S$(A)), 

for all A e Oyc> ^ G C'ki • 'I'(^) is called the partial trace of A over K.2 and we shall denote it by tr;c2 (^)- 
If {xj} is an orthonormal basis of 1C2, then the matrix elements of tr;c2 (^) are 

k 

The map A ^ (^) is obviously linear, positive (in fact A > implies that tr^^ {A) > 0) and trace 
preserving. To show that it is completely positive, we note that if [Xij] is a positive block matrix then 

k i,j 



Exercise 2.9. Show that the following maps are completely positive: 

1. A ^-automorphism i? : O — C 

2.0kBX^ =X(g,lK' e Ok®k'- 

3.0K.^ <^{X) = VXV* e Ok, where V € Ok- 



The following result, due to Stinespring, gives a characterization of CP maps. 

Proposition 2.5 The linear map $ : Ok Ok' is completely positive iff there exists a finite fizmily of 
operators Vq : /C — > /C' such that 

= (2.12) 

a 

for all X G Ok- Moreover, $ is unital iff'Ylia ^^V* — 1k' ond trace preserving iff'^^ ^a^a = Ik;- 

Remark. The right hand side of (2. 12) is called a Kraus representation of the completely positive map $. 
Such a representation is not unique. 
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Example 2.2 Let C/ be a unitary operator on ICi ® /C2- By Example 2. 1 and Exercise 2.9, the map 

dh^, ' 

is completely positive and unital on O^Ci- A Kraus representation is given by 

dim /C2 

1/- YV. . 



where 

^ dim /Ci 

and {ej}, {/fe} are orthonormal basis of JCi and /C2- 

Proof of Proposition 2.5. The fact that a map $ defined by Equ. (2.12) is completely positive follows 
from Part 2 of Exercise 2.9. To prove the reverse implication, let <i> : Oic — > Ojc be completely positive 
and denote by Eij ~ \xi){Xj \ the basis of Ok. associated to the orthonormal basis {xi] of K.. Since 



dim K, 



i,3 = l 



dim /C 



2 



>o, 



the block matrix [Eij] is positive and hence so is the block matrix M ~ an operator on JC <E) 

£dimK._ the standard basis of C^™'^ and define the operator Qi : IC' C'^""'^ ^ /C' by 

Qt Ej "05 ej =ip^,so that ^(i;^^) = QtMQ*. If 

dim /C X dim K' 

fc=i 

is a spectral representation of M, then 

dim /Cxdim K' 

E AfeQ#fc)(0fc|g*. (2.13) 

For each fc = 1, . . . , dim/C x dim/C' define a linear operator : /C — > /C' by VkCi = ^/\kQi<j>k for 
1 = 1,..., dim/C. Then, we can rewrite (2.13) as 

dim /Cx dim /C' 

and since any X E O/c can be written as X = E; j ^ij^ij we have 

dim /Cxdim fC' 

The last statement of Proposition 2.5 is obvious. □ 

Definition 2.6 A linear map $ : Oic — ?> Oyc' ■smc/i f/zaf, /or all X E Ojc, 

< (2.14) 
/i called a Schwarz map and (2. 14) is called the Schwarz inequality. 
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Proposition 2.7 Any 2-positive map $ : Ok: Ck' is a Schwarz map. 
Proof. For any X e Ofc, the 2 x 2 block matrix 




1 X 
X* x*x 



is non-negative. Indeed, for any '4>i,il>2 S /C one has 

Y,{i^,\Aiji^j) = \\i'i + xHf>o. 

If $ is 2-positive, then the block matrix is also non-negative and hence 

j2{<f>i\Aij<t>j) = Ui + m)<i>2f + {ct>2\mx*x) - $(x)*$(x))02) > 0, 

id 

for all ^1, ^2 G IC'. Setting = — $(X)^2 yields the Schwarz inequality. □ 

Exercise 2.10. Let $ : Ojc — > O/c' be a linear map and denote by its adjoint w.r.t. the inner 
product ( • I • ), that is 

= t,K'{x*^Y)) = trK($*(x)*y) = (r (x)|r). 

1. Show that $* is positive iff $ is positive. 

2. Show that is A'^-positive iff $ is A'^-positive. 

3. Show that is trace preserving iff $ is unital. 

2.4 States 

An element p G is called a density matrix or a state if tr(p) = 1. We denote by & the collection of all 
states. We shall identify a state p with the linear functional 

p: O ^ £ 

With this identification, & can be characterized as the set of all Unear functionals <p : O ^ C which are 
positive (4>{A) > for all A e 0+) and normalized (^(1) = 1). In models that arise in physics the 
elements of O describe observables of the physical system under consideration. The physical states are 
described by elements of &. If A is self-adjoint and A = J2aesp{A) is its spectral decomposition, 
then the possible outcomes of a measurement of A are the eigenvalues of A. If the system is in a state p, 
the probability that a is observed is tr(pPQ,) = tr{PapPa) S [0, 1]. In particular, 

p{A) = tr{pA), 

is the expectation value of the observable A and its variance is 

Ap(A) = p{{A piA))') = p{A') p{A'). 
Note that if ^ e O^, then p{A) > 0. For A,B £ Oseif the Heisenberg uncertainty principle takes the form 

l\p{i[A,B])\<^f\{A)^A,{B). 

If $ : Oic Ok.' is a positive, unit preserving map, then its adjoint $* is positive and trace preserving. In 
particular, it maps states p e &k.' into states {p) e &tc in such a way that 

p($(A)) = $*(p)(A), 

i.e., $*(p) = po 
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2.5 Entropy 

Let p be a state. The orthogonal projection on the subspace Ran p = (Ker p)^ is called the support of 
p and is denoted s{p). We shall use the notation p ^ z/ iff s{p) < s(i^), that is, iff Ranp C Rani^, and 
p _L J/ iff s(p) _L s(z^), that is, iff Ran p C Ker f. Two states p and ly are called equivalent if p ^ u and 
v ^ p. A state p is called faithful if s{p) = 1, i.e., if p > 0. The set & and the set of all faithful states 6f 
are convex subsets of 0+. A state p is called pure if p = for some unit vector tp. The state 

dim /C 

is called chaotic. If A is self-adjoint, we denote 



e 

tr(e'' 



The state pA is faithful and pA = Pb iff A and _B differ by a constant. If /C = /Ci ® /C2 and p E &jc, then 
P/Ci = tiic^ip) e 6k;i and pic^ tr/Ci(p) G ©/c^- 
The von Neumann entropy of a state p, defined by 

5(p) = -tr(plogp) = - J2 ^log^- 
Aesp(p) 

is the non-commutative extension of the Gibbs or Shannon entropy of a probability distribution. It is 
characterized by the following dual variational principles. 

Theorem 2.8 (1) For any p G 6, one has 

S{p) = mm logtr(s(p)e^) - p{A). 



(2) For any A e Ogcif. one has 



logtr(e^) = maxp(^) + S{p). 

pGS 



Remark. Adopting the decomposition K, — Ranp © Kerp, the minimum in (1) is achieved at A iff 
A — (log(plRanp) (B B) + c where B is an arbitrary self-adjoint operator on Ker p and c an arbitrary real 
constant. An alternative formulation of (1) is 

5(p)= inf logtr(e^)-p(A). 
The maximizer in (2) is unique and given by p = p^. 

Proof. (2) Let Ga(p) = p(^) + S{p). Since logp^i = A — logtr(e"^), Klein's inequality implies 

logtr(e^) - Ga{p) = tr(p(logp - logp^)) > tr(p- p^) = 0, 
for any p e ©, with equality iff p — pA- Thus, 

Ga{p) <\ogtr{e^), (2.16) 

with equality iff p = pA- 

(!) We decompose /C = Ranp © Ker p and set P = s(p) and Q = 1 — P. Since Ga{p) = GpAp{p), we 
can invoke (2. 16) within the subspace Ran p to write 

Ga(p) < log tr(Pe^-4Pp)^ 
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where equality holds iff p = Pe^^^ P/tr{Pe^"^^ P), i.e., PAP — log(/9|Fianp) + c for some real constant 
c. A second order Duhamel expansion (see Part 3 of Exercise 2.3) further yields 

tr(Pe^P) = tr(Pc^^^P) + utr (e"^^^/2pAQe(i-")^QAPe"^^^/2^ du, 

so that tr(Pe^'4^P) < tr(Pc'4p) with equality iff QAP = 0. We conclude that Ga{p) < logtr(Pe^P) 
and hence S{p) < logtr(Pe'^P) - p{A) where equahty holds iff A = (log(p|Ranp) © P) + c. □ 

An immediate consequence of Theorem 2.8 is 

Corollary 2.9 (1) The function & 3 p ^ S{p) is concave. 
(2) The function Ogcn 9 ^ i— > logtr(e"^) is convex. 

Further basic properties of the entropy functional are: 
Theorem 2.10 (1) The map & 3 p t-^ S{p) is continuous. 

(2) < S{p) < log dim /C. Moreover, S{p) — iff p is pure and S{p) = log dim /C iff p is chaotic. 

(3) For any unitary U, S{U pU~^) = S{p). 

(4) SipA)=logtTie^)-tTiApA). 

(5) IfJC = /Ci ® IC2, then S{p) < S{p]Ci) + S{pic^) where the equality holds if and only if p = PKi ® PK2 
( recall that piQ-^ — tvjQ^ (p) ). 

Remark. To (1): the Fannes inequality 

|5(p)-5M|<||p-Hlilog/^, 
holds provided \\p — < 1/3. See, e.g., [OP]. 

Proof. The proofs of (l)-(4) are easy and left to the reader. To prove (5) we invoke the variational principle 
to write 

S{p)< mill logtr(s(p)e^^i+i®^)-p(A(^l + l(^P). 

{A,B)£0ix02 

Setting = p^Cji the support s(pi) satisfies 1 = tr^^i (s(/3i)pi) = tr;c((s(pi)<8)l)p) and, by the definition 
of the support, we must have s(pi) (g) 1 > s{p) and a similar inequality for s(p2)- It follows that s{pi) (g) 
s(p2) > s(p) and therefore 

tr(s(p)e^«i+i«^) < tr(s(pi)e^ ® s(p2)e^). 

Thus, we can write 

S{p) < min logtr(s(pi)e^) + logtr(s(p2)e^) - pi(^) - P2(P) 

= 5(pi) + 5(p2). 

Moreover, equality holds iff the variational principle has a minimizer of the form A (g) 1 + 1 (g) P, which, 
by the remark after Theorem 2.10, is possible only if p = pi (g) p2- D 

2.6 Relative entropies 

The Renyi relative entropy (or a-relative entropy) of two states p, v is defined for a g]0, 1[ by 

S^{p\v)^\oglx{p^v^-^). 
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This quantity will play an important role in these lecture notes. According to our convention log(p|Kci p) = 
— oo, and 

The Holder inequality implies that Sa{p\v) £ [~oo, 0]. Sa{p\i^) — — oo iff p _L (that is, if p and h' are 
mutually singular). In terms of the spectral data of p and i/, 



SaipW) = log 



^ AVi-«tr(P,(p)P^H) 



(A,p)esp(p)xsp(i/) 



(2.17) 



and so if p / ly, then ]0, 1[ 9 a i-^ Sa{pW) g] — oo, 0] extends to a real-analytic function on M. The basic 
properties of Renyi's relative entropy are: 

Proposition 2.11 Suppose that p v. Then: 

(1) Sq{p\v) = \ogv{s{p)) andSi(p\v) = \ogp{&{v)). 

(2) The map M 9 a i— > Sa{p\v) is convex. 

(3) Sa{U pU^^\UvU^^) = Sa{p\v) for any unitary U. 

(4) Suppose that s{p) = s(i^). Then the map M 9 a i— > Sa{p\v) is strictly convex iff p =/= v. 

(5) Sa[p\y) = Si-a{l^\p). 

Proof. (1), (3) and (5) are obvious. (2) Follows from the following facts, easily derived from (2.17), 

daSaipW) = ^ p\,f_,\og{X/ p) = da, 

(A,/j)esp(p)xsp(i/) 

dlSaipW)= PA,p [log(A^) - > 0, 

(A,^i)esp(p)xsp(i/) 

where 

A>i-"tr(PA(p)Pp(^)) 

PX.fi = 1 > U, 

^ AV'-"tr(P,(p)P^(^)) 

(A,p)esp(p)xsp(i/) 

(A,/j)esp(p)xsp(jy) 

(4) Invoking analyticity, we further deduce that either ^^^^(pli^) = for all a G M, or d\Saip\v) > 
except possibly on a discrete subset of M. In the former case Sa{pW) = (1 — a)So{p\i') + aSilpW) is ™ 
affine function of a. In the latter case SaipW) is strictly convex. 

Suppose now that sip) — s(i^). Without loss of generality, we can assume that p and v are faithful. 
If p = then SaipW) = for a € JR. Reciprocally, if daSaipW) vanishes identically then 6 = 
daSaipW) is constant and A = p whenever triP\ip)P^iiy)) ^ 0. It follows from 

1 = tr(p) = ^ Atr(PA(p)Pp(^^)) = e« ^Mtr(PA(p)Pp(i^)) = e^tr(i.) = e^ 

A,p A,^ 

that 6* = 0. Repeating the argument in the proof of Part (2) of Theorem 2.1 leads to the conclusion that 

p = v. □ 

The following theorem, a variant of the celebrated Kosaki's variational formula ([Kos, OP]), is deeper. 
The result and its proof were communicated to us by R. Seiringer (unpublished). The proof will be given 
in Section 2.12 as an illustration of the power of the modular structure to be introduced there. 



45 



Jaksic, Ogata, Pautrat, Pillet 



Theorem 2.12 For a e]0, 1[, 



SaipW) = inf loe 

AgC(R+,0) 



sinTra 



a-l 



p{\A{tyr) + ^{\l-A{t)\')\At 



where C(M+, O) denotes the set of all continuous functions 3 t A{t) ^ O. Moreover, the infimum 
is achieved for 

poo 

A{t) = t / e-'^Piye-'^'^ds, 

and this is the unique minimizer if either p or v is faithful. 

An immediate consequence of Kosaki's variational formula is Uhlmann's monotonicity theorem, [Uh]: 

Theorem 2.13 If ^ : Oic — > Ojc is a unital Schwarz map, then 
for all a G [0, 1] and p,iy (z &k.'- 

Proof. With p — po ^ and z> = o $, Kosaki's formula reads 

'1 



Saip\l>) 



inf log 

Aec(R+,OK) 



sm TTa 



pi\Aitrn+m-A{t)n dt 



Since $ is a unital Schwarz map, for any A £ Ok: one has 

p{\A*?) = pmAA*)) > pmAMA)*) ^ p(ia>(A)*n, 



as well as 



\1-Af) = :.mi-Ani-A))) 
> i/(<I>(l - - A)) 



It follows that 

Sa{p\l>) > 



inf log 

Aec(K+,0/c) 



sm na 







inf log 

Ae*(c(R+,OK)) 



IT 

sm TTa 

TT 



:PmA(t)) 



* |2\ 



where $(C(M+, Ok:)) = {$ o A | A e C(M+, Oyc)}- Since $ is continuous, one has $(C(M+, Ok;)) C 
C(M+ , Ok' )' the result follows from Kosaki's formula. □ 

Another consequence of Theorem 2.12 is the celebrated Lieb's concavity theorem. 
Theorem 2.14 For a £ [0, 1], the map (5 x 6 9 (p, j/) i— !■ Sa{p\v) is jointly concave, i.e., 

So.{Xp+{l - X)p'\Xiy + (1 - Xy) > XSo^ipW) + (1 - X)Sa{p'W'), 
for any p, p' ,v.,v' £ © and any X £ [0, 1]. 

Proof. The result is obvious for A = and for A = 1. Hence, we assume A e]0, 1[ in the following. For 
a = and for a = 1, the result follows from Part (1) of Proposition 2. 11, the concavity of the logarithm, 
and the fact that s( A/9 + (1 - X)p') > s(p). For a e]0, l[and A e C(M+,0), the map 



(p, v) ^ Fa{p, v) 



sm TTa 



p{\Am^) + u{\l-A{t)\^)\dt 
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is affine. The concavity of the logarithm implies that the map {p, v) i-^ log Fa{p, v) is concave. Therefore, 
the function (p, v) ^ Sa{p\v) being the infimum of a family of concave functions, it is itself concave (see 
the following exercise). □ 



Exercise 2.11. Let C C be a convex set and T a nonempty set of real valued functions on C. Set 

F{x) = inf{/(.T) I / e J-}. 

1. Show that if the elements of T are concave then F is concave. 

2. Show that if the elements of are continuous then F is upper semi-continuous, i.e., 

limsupF(x) < F{xo), 

foralla;o e K". 

3. Show that the function {p, v) ^ Saipl^) is upper semi-continuous on (3 x S. 



The relative entropy of the state p w.r.t. the state v is defined by 

, X f ti-(p(logi/-logp)) iip-^v. 

—CO otherwise. 

Equivalently, in terms of the spectral data of p and v, one has 

S{p\v)= X{\ogp-\og\)tv{Px{p)PM)- 

(A,/n)esp(p)xsp(i/) 

For e 6 and A e Oseif . we define 

gA+iog.^ lim fe^/"i/V")". 
It s not difficult to show that, according to the decomposition K = Ran u © Ker u, 

gA+log!^ _ gS(l/)As(l/)|Ran.-+log(l/|Rani,) Oxer 1/ • 

With this definition, the relative entropy functional has the following variational characterizations: 

Theorem 2.15 (1) For any p,p £ &, one has 

S{p\u)= logtr(e^+'°s-)_p(A). 

(2) For any A G Oseif and v £ &, one has 

logtr(e^+^°s^) = maxS'(p|i/) -t- p{A). 

Remark. If p and v are equivalent, then the infimum in (1) is achieved at A iff s(i/)^s(i/)|Rani/ = 
log(plRaniy) — log(i^|Ran i/) + c wherc c is an arbitrary real constant. The maximizer in (2) is unique 
and given by p = e'^+'°s''/tr(e^+i°«''). 

Proof. (2) Set G^^P) = SipW) + P(^) and v = c'4+iog''/t,r(c'4+i°g'^). Note that G^,a{p) = -oo if 
p -ykiv while Gv,a{^) = t^{A) > —oo. Thus, it suffices to consider p <^ vin which case one has 



p {logu) = p{A) + p{logu) - logtr(e^+'°s^). 
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Klein's inequality yields 

logtr(e^+'°s-) _ G,^^(p) = tr (p (logp - logi;)) > tr(p - Z;) = 0, 
with equality iff p — u. 

(1) We first consider the case p <^ v. Then, there exists a projection P such that RanP _L Ran;/ and 
p{P) > 0. Since e^^+'°s'' ^ v, it follows that 

logtr(c^^+'°s'') _ p(AP) = -\p{P) ^ -oo = S{p\v), 

as A — ^ (X). On the other hand, for any p and A G Osoif , (2) implies that 

S{p\iy) < logtr(e'^+'°s'^) - p{A), 

with equality iff p = e^+^°8'^/tr(e'^+'°s''). Ifi/< p, this means that equality holds iS s{v)As{v)\^s,nu = 
log(plRaniy) — log(i^|Rani/) up to an arbitrary additive constant. If // ^ p, i.e., if s(p) < s(i^), then 
Ax = log(p|Ranp) ffi -^iKorp ^ log ( | Ran 1/ ) © OKcr IS such that, with d = dim Ran J/ — dim Ran p, 

logtr(G^-+'°s'') - p{Ax) = log (1 +e^d) + S{pW) ^ S{pW), 

as A ^ —00. □ 

As an immediate consequence of Theorem 2. 1 5 we note, for later reference 

Corollary 2.16 For any state v d 6 and any self-adjoint observable A G O one has 

The basic properties of the relative entropy functional are: 

Proposition 2.17 (1) 5(p|i^) < with equality iff p = v. 

(2) 5(p|peh) -5(p)-logdim/C. 

(3) S{UpU-^\UuU-^) = S{p\iy) for any unitary U. 
(4) 

tr(e^) 
tr(eS) 



S{pa\pb) - log - tr{pA{A - B)). 



(5) For any p, i/ G S one has 



S{pW)^\im^^^\un^^. (2.18) 

aio a ctti 1 — a 



In particular, if p ^ v then S'o(i^|p) — Si{p\v) = and 



da 



= - 'j-SaipW) 



(2.19) 



a=l 



(6) If^ : Ofc Ofc' is a unital Schwarz map then, for any p, G &!c, 

Sipo^vo^) > S{p\iy). 

(7) The map (p, h') i— > S{p\i>) is continuous on & x &{ and upper semi- continuous on S x (3. 

(8) If4v) = s(p), then Sa{p\v) > aS{iy\p). 
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Proof. Part (1) follows from Klein's inequality. Parts (2), (3) and (4) are obvious. Part (5) is easy and left to 
the reader. Part (6) follows from (2.18) and Uhlmann's monotonicity theorem (Theorem 2.13). The upper 
semi-continuity of the map (p, i— > Slpli') follows from (5) and part 3 of Exercise 2.11. A direct proof 
goes as follows. Let us fix (po, t^o) G © x 6. Define Aq = min{A e sp(fo) | A > 0}, and for e S set 



A6sp(i') 
A>Ao/2 

Let < £ < Ao/2. We know from perturbation theory that 



lim Q„ = s(i'o) 

I/—)- I/O 



lim vQi, = vq, 



and that 



vQy + (1 - Qy)e > V, 



provided v is close enough to vq. It follows that 

S{p\v) = p{\ogv) ~ S{p) < p(logz.(-)) - S{p). 
Since v'^^^ > e > it follows from the analytic functional calculus that 

lim logt/^^^ = log ( lim Z^^^^ I = log{V()\Ka.nuo) ®^Oge\Kcruo, 

and hence, using Theorem 2.10 (1), we deduce 

lim sup S{p\v) < lim pilogv'^'^^) — S{p) 

= PO (log 1^0 I Ran I/O © 0|Kcri/o) ^ S{po) + (1 - Po(s(j^o))) log £■ 

If po 1^ ^0 then 1 ~ Po(s(i'o)) > and letting e | we conclude that 

lim sup S{p\v) < —CO = S{po\h'o). 

(p.i')^(Po.i'o) 

If po ^ i^o then 1 — po(s(t'o)) = and Ker i^o C Kerpo so that 

limsup S{p\iy) < po(logt'o) - S{pq) = S{po\vq). 

Finally, we observe that if > 0, then v > Ao/2 for all v sufficiently close to vq. Hence limi^-j.^^ log v = 
log f and 

lim S{p\v) = S{pq\vq). 

{p,v)^{po,vo) 

Property (8) is a direct consequence of the convexity of a H> Sa{p\v) and Equ. (2.19). □ 
Remark. The following example shows that the function (p, v) ^ S{p\v) is not continuous on 6 x 6. 
Setting 



Pn 












■ 1 


" 


1/n 











one has S{pn\vn) — —oo for all n e N*, so 

lim S{pn\iyn) = -oo 7^ S{ lim p„| lim f„) = 0. 



As a direct consequence of Theorem 2.14 and Relation (2.18), we have: 

Theorem 2.18 The map & x & 3 {p,v) h> S(p\v) is jointly concave, that is, for A G [0,1] and 
p,p',iy,i^' € 6, 

S{Xp + (1 - X)p'\Xi^ + (1 - Xy) > XSip\iy) + (1 - A)5(p>')- 
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Exercise 2.12. Use Uhlmann's monotonicity theorem to show that 

Sa{pO'd\l' O-d) = Sa{p\v), 

for all p, e © and € Aut(O). 

2.7 Quantum hypothesis testing 

Since the pioneering work of Pearson [r ], hypothesis testing has played an important role in theoretical 
and applied statistics (see, e.g., [Be]). In the last decade, the mathematical structure and basic results of 
classical hypothesis testing have been extended to the non-commutative setting. A clear exposition of the 
basic results of quantum hypothesis testing can be found in [ANSV, HMO]. 

It was recently observed in [JOPS] that there is a close relation between recent developments in the 
field of quantum hypothesis testing and the developments in non-equilibrium statistical mechanics. In this 
section we describe the setup of quantum hypothesis testing following essentially [.-uN .b v ] . We will discuss 
the relation to non-equilibrium statistical mechanics in Section 5.6. 

Let V and p be two states and p G ] , 1 [. Suppose that we know a priori that the system is with probabil- 
ity p in the state p and with probability 1 —p in the state v. By performing a measurement we wish to decide 
with minimal error probability what is the true state of the system. The following procedure is known as 
quantum hypothesis testing. A test P is an orthogonal projection in O. On the basis of the outcome of the 
test (that is, a measurement of P) one decides whether the system is in the state p or v. More precisely, if 
the outcome of the test is 1, one decides that the system is in the state p (Hypothesis I) and if the outcome is 
0, one decides that the system is in the state v (Hypothesis II). p(l — P) is the error probability of accepting 
II if I is true and is the error probability of accepting I if II is true. The average error probability is 

Dpip, ly, P) = pp{l - P) + (1 - p)v{P), 

and we are interested in minimizing Dp{p, v, P) w.r.t. P. Let 

Dp{p, v) = \xA{Dp{p, v,P)\P^ Oscif , P' - P}. 

The set of all orthogonal projections is a norm closed subset of O and so the infimum on the right-hand 
side is achieved at some projection P. The quantum Bayesian distinguishability problem is to identify the 
orthogonal projections P such that Dp{p, P) = Dp{p, v). Let Popt be the orthogonal projection onto 
the range of 

{{\-p)v-pp)^ , 

where x+ — (|a;| + a;)/2 denotes the positive part of x. The following result was proven in [ANSV], where 
the reader can find references to the previous works on the subject. 

Theorem 2.19 (1) 

Dp{p,v) = Dp{p, i^, Popt) =2^^^ \\{^ - P)'^ - PP\\i) ■ 
Moreover, Popt is the unique minimizer of the functional P i— > Dp{p, v, P). 

(2) 

Dp{p, u) = m:in{Dp{p, v,T)\T e ^cif , < T < 1}. 

(3) For a € [0, 1], 

Dp{p,y)<p^{l-pf-^iY{p'-v^-^). 
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Remark. Part (1) is the quantum version of the Neyman-Pearson lemma. Part (3) is the quantum analog 
of the Chernoff bound in classical hypothesis testing. In quantum information theory the quantity 

Cqcs(p, i^) = -log min tr(p"j/^"") = - mm Sa{pW), 
Qe[o,i] ae[o,i] 

is called the Chernoff distance between the states p and v. We shall prove a lower bound on the function 
Dp{p, I') in Section 2.12. 

Proof. (l)-(2) Set A = (1 - p)z/ - pp so that, for T e Oscif, < T < 1, we can write 

Dp{p, V, T) = tr {pp{l - T) + (1 - p)vT) =p + tr(rA) >p + tT{TA+), 
where equaUty holds iff Ran T C Ker = Ran It follows that Popt is the unique minimizer and 

Dp{p, Popt) + tr(A+) = p + Itr (A + 1^1) = ^(1 + tr {\A\)). 

(3) (Following S. Ozawa, private communication. The original proof can be found in [ANSV]). Setting 
B = pp and C = {1 — p)v and given (1), one has to show that 

tr(B"Ci-") > ^tr(S + C-\B- C|), 

for all B, C e 0+ and a e [0, 1]. With A = C - B, one clearly has 

B<B + A+, (2.20) 

and since C — B < (C — -B)+, one also has 

C<B + A+. (2.21) 

We shall make repeated use of the Lowner-Heinz inequality (Exercise 2.2). From (2.20) and the fact that 
> we get 

tr(S"(Bi-" - C^-")) < tr(B"((B + - C^"")). (2.22) 

From (2.21) we deduce that 

(B + A+)i-"-Ci-">0. 

Thus, (2.20) and (2.22) imply 

= tr(B + A+) - tr((B + A+)''C^'"). 
Using again Inequality (2.21), and the fact that C > 0, we obtain 

tT{B°'{B^-°' - C^"")) < tr{B + A+) - tr{C"C^-°') = ti{B -C + A+). 
This inequality can be rewritten as 

tr(B"Ci-") >tr(C-yl+), 

and since A+ = A + A^, 

tr{B"C^~°') > tr(C - A - A_) = tr(C - {C - B) - A_) = tr{B - 
Combining the last two inequalities we finally get 

tr(B"Ci-") > itr(B + C-A+-A^) = ^ti{B + C - \B - C\), 
as required. □ 
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2.8 Dynamical systems 

A dynamics on the *-algebra O is a continuous one-parameter subgroup of Aut(C'), i.e., a map R 9 i i— ^ 
T* e Aut(e') satisfying r* o t^+' for all i, s G M and limt_,o \\t\A) - ^|| = for all AeO. Such 
a map automatically satisfies t° = id and (t*)~^ = t~* for all t € M. Moreover, since r* is isometric and 
O is a finite dimensional vector space, the continuity is uniform 

lim sup ||r*+'(A) -r*(A)|l =0, 



M|| = l 



tea 

and the map i H> r* (A) is differentiable (in fact entire analytic). In terms of the generator 

6iA) = ^r\A) , 
t=o 

one has T*(yl) = e''^{A). Clearly, (5(1) = 0, S{AB) = S{A)B + AS{B) and 5{A)* = 6{A*) hold for all 
A,B^O. We call dynamical system a pair (O, r*), where t* is a dynamics on C 
If iJ G Oscif, then 

t\A) ^ e''" Ae-''" , (2.23) 

is a dynamics on C One of the special features of finite quantum systems is that the converse is true. Given 
a dynamical system {O, r*), there exists H E Oscif such that (2.23) holds for all t G M. Moreover, H is 
uniquely determined up to a constant. It can be explicitly constructed as follows. Let S be the generator of 
T*. Let {ipj} be an orthonormal basis of IC and Eij = \ the corresponding basis of O. Let 



The relation J^j ^ji^ij — J2j ^jj = ^ implies 

5{Ej,)E,j + E,,5{E,^) - 5(1) - 0, 

3 3 

and 

Eki] = ^ 5{Eji)EijEki + EkiEjiS{Eij) 

3 

= S{Ek^)Ea + Ek^5{Ea) = SiE^Eu) = 6{Eki). 
Hence \[H., X] = 5{X) for all AT G O and (2.23) follows. 

Remark. From the above discussion, the reader familiar with the theory of Lie groups will recognize that 
Aut(C') is a simply connected Lie group with Lie algebra 

aut(0) = {dx=i[X, -llXGaeif}, 

and bracket [dx , dy ] = dj^^ yj . Since Ax = dy iff X — F is a real multiple of the identity, the dimension 

of Aut(C') is given by dimR(Osoif) - 1 = (dim/C)^ - 1. 

According to the basic principles of quantum mechanics, if H is the energy observable of the system, 
i.e., its Hamiltonian, then the group t*-{A) — e'*^AG^'*^ describes its time evolution in the Heisenberg 
picture. If the system was in the state p at time t — Q then the expectation value of the observable A at time 
t is given by 

iv{pT\A))=p{T\A))^por\A). 
In the Schrodinger picture the state p evolves in time as T^^{p) and in what follows we adopt the shorthands 

Clearly, pt ( A) =p(^). 
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2.9 Gibbs states, KMS condition and variational principle 

For the dynamical system (O, r*), with Hamiltonian H, the state of thermal equilibrium at inverse temper- 
ature /3 is described by the Gibbs canonical ensemble 

~ tr(e-/5^) ■ 

Note that, for any A^B ^ O, one has 

_ tr{e-P"AB) trjEe'^" A) tr{e-P^ r-'^P {B)A) . 
PP^^^^- tr(c-^«) ^ tr(e-^^) " ~ 

We say that a state p satisfies the Kubo-Martin-Schwinger (KMS) condition at inverse temperature /3, or, 
for short, that p is a ^-KMS state if 

p{AB)^p{T-'f'{B)A), il.lA) 

holds for all A, S G C The /3-KMS condition (2.24) plays a central role in algebraic quantum statistical 
mechanics. For the finite quantum system considered in this section it is a characterization of the Gibbs 
state Pp. 

Proposition 2.20 p is a (3-KMS state iff p — pp. 

Proof. It remains to show that if p is /3-KMS, then p^ pp. Setting X = pe^^" and A = cl^^C in the KMS 
condition 

tripe'^" Be-P" A) = tr(pAB), 

yields tr{XBC) = tiiXCB) for all B,C eO. Since this is equivalent to tr{[X, B]C) = 0, we conclude 
that [X, B] = {) for all i? e O and hence that X = al for some constant a. This means that p — ae^^^ . 
The constant a is now determined by the normalization condition ti{p) = 1. □ 
The Gibbs canonical ensemble can be also characterized by a variational principle. The number E = 
pp{H) is the expectation value of the energy in the state pp. Since 

^pp{H)^-pp{{H-Ef)<Q, 

the function (3 ^ PpiH) is decreasing and is strictly decreasing unless H is constant. If £',nin = 
minsp(iJ) and E'max — maxsp(iJ), then 

lim pp{H) = i^max, lim PisiH) = i^min- 



Note also that lim^_j.±oo P/3 — P±oo where 



^min / max 



P+00/-00 - ^ (p )' 
mill / max/ 

and Pmin/max dcnotc the spectral projection of H associated to its eigenvalue Smin/max- Hence to any 
E S [£^min, -Eijiax] One Can associate a unique /3 e [— oo, oo] such that 

Pp{H)=E. (2.25) 

We adopt the shorthands 

S{P) = S{pp), P(/3)=.logtr(c-^«). 
The function P{(3) is called the pressure (or free energy). Note that 

S{fi) ^ pE + P{p). (2.26) 
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If&E = {p e &\p{H) = E} andi^ e 6^, then 

S{iy) = S{i^) - l3v{H) +I3E< max{ S'(p) - (3p{H)} + /3E ^ logtr(e-^^) + (3E, 

pee 

and so 

where equahty holds iff v — pp. Hence, we have proven the Gibbs variational principle: 

Theorem 2.21 Let E e [i?min, -Emax] and let /3 be given by (2.25). Then 

max S{p) ^ S{I3), 

and the unique maximizer is the Gibbs state pp. 

Note that neither the KMS condition nor the Gibbs variational principle require /3 to be positive. The 
justification of the physical restriction /3 > typically involves some form of the second law of thermo- 
dynamics. Recall that /3 = I3{E) is uniquely specified by (2.25). Considering S{E) = S{I3{E)) as the 
function of E, the differentiation of relation (2.26) w.r.t. E yields 

dE ' ' 

and the second law j§ > (the increase of entropy with energy ) requires /3 > 0. An alternative ap- 
proach goes as follows. Let an external force act on the system during the time interval [0, T] so that its 
Hamiltonian becomes time dependent, H{t) — H + V{t). We assume that V{t) depends continuously 
on t and vanishes for t <^]0, T[. Let U{t) be the corresponding unitary propagator, i.e., the solution of the 
time-dependent Schrodinger equation 

i^U{t) ^ H{t)U{t), C/(0) = 1. 

Suppose that at t = the system was in the Gibbs state pp. At the later time t > 0, its state is given by 
Pp.t = U{t)ppU{t)* and the work performed on the system by the external force during the time interval 

[0, T] is 

AE = pp,t{H) ~ pp{H) = f 

Jo 



^-pp,tiH)dt. 



The change of relative entropy S{pp^t\Pi3) over the time interval [0, T] equals 

/■^ d f'^ d 

AS = S{pp^t\pi3) - S{pp\pp) ^ J —S{pp^t\Pi3)dt = J —pp^t{H)dt, 

and so 

AS* = -PAE. 

If V{t) is non-trivial in the sense that pp -r ^ pp, then AS = S{pp,T\pp) < 0. The second law of ther- 
modynamics, more precisely the fact that one can not extract work from a system in thermal equilibrium, 
requires that AE > 0. Hence, negative values of f3 are not allowed by thermodynamics. 

The above discussion can be generalized as follows. Let N e Oscif be an observable such that [H, N] — 
{N is colloquially called a charge). Let jS and p, be real parameters and let 

Q-l3(H-t,N) 

P0„ 



be the /3-KMS state for the dynamics generated hy H — p,N. Denote pp ^{H) = E, pp ^^{N) — g, 
5(/3,/i) = = logtr(e-'3(^-'^^)). Then 

SiP,p)^P{E~pQ)+PiP,p). (2.27) 
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If GE,g = {pe&\ p{H) = E, p{N) = g}, then 

max S{p) = S{l3, 

with unique maximizer pp^^i- The parameter /i is interpreted as chemical potential associated to the charge 
and the state p^.^ describes the system in thermal equilibrium at inverse temperature /3 and chemical 
potential /i. Considering f3 ~ (3{E, g) and fi — fJ,{E, g) as functions of E and g we see from (2.27) that 

dS 9S 
dE=^^ dg^-^^- 

Although in general pp^f^ is not a /3-KMS state for the dynamics r*, if A and B commute with N, then 

t\A) = Qit{H-t^N)^^-it{H-t,N) and the /3-KMS condition 

pp,^{T-'f'{B)A)^pp,^{AB), 

is satisfied. In other words, if p, ^ 0, the physical observables must be invariant under the gauge group 
7^(^) = e'^^Ae"'^^. The generaUzation of these results to the case of several charges is straightforward. 

2.10 Perturbation theory 

Let (O, r*) be a dynamical system with Hamiltonian H and let V £ Oscif be a perturbation. In this section 
we consider the perturbed dynamics Ty generated by the Hamiltonian H + V, 

If i5 denotes the generator of r*, then the generator of Ty is given by 

6v = i[H + V, ■] = S + i[V, ■] = S + dv, 
and one easily checks that the map M 9 i i-> 7y £ Aut(O) defined by 

7*, = r*. o T-* = e*(^+<i-) o e-*^ 

has the following properties: 

(1) 4 = 7|. ° T*. 

(2) (7*,)-i=r*o7-*oT-*. 

(3) 7^+' = tC- ° ° 7^ ° T-^ 

(4) 7y = id and dt-fy = 7y ° d^t(y). 
Integration of Relation (4) yields the integral equation 



7v = id+ / 7^ ° ^T'iv) ds, 
Jo 



which can be iterated to obtain 



= id+^ / drs,^(v)°---odrsi(v)<^Si---dSn 
n=l Jo<si< - <Sn<t 

Jy" O drSM (y) O • • • O d^,i (y) dSl • • • ds N ■ 



I 

0<si<---<sjv<t 



Since 7y is isometric and lld^tj-y) II — ||i[T*(y), -JH < 2||V^||, we can bound the norm of the last term by 



(2||V||)»d„.^^d,„<(W)'' 



0<si<--<sjv<t 
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and conclude that the Dyson expansion 



oo ^ 

7y=id+^ / dT-a„(y) O • • • O d^3i(y) dsi • • -dSn, 

„_1 «'0<si<---<s„<t 

converges in norm for all f e K, and uniformly for t in compact intervals. Using Relation (1), we conclude 
that 

oo „ 

Ty = T* + / drsr^ (V) O • • • O d^-si (y) O T* dsi • • • ds„, 

J0<Si<---<Sn<t 



which we can rewrite as 



oo „ 

JO<si<---<s„<l 

Finally, we note that since t^{V), t^{A) and Ty{A) are entire analytic functions of z and ||t^|| < 
g2|imz| the above expression provides an expansion of Ty{A) which converges uniformly for z in 
compact subsets of C. 

Similar conclusions hold for the interaction picture propagator 

Ev{t) = e'*(^+^)e-«^. 

It satisfies: 

(1') c^'iH+v) = Ey(t)c«« and 4(A) = Evit)T\A)Ev{t)-\ 

(T) Ey(t)-1 = Ey(t)* = T*(Ey(-t)). 

(3') Ev{t + s)=Ev{s)T-'iEv{t)). 
(4') Ey(0) = 1 and dtEv{t) = iEy(i)T*(l/). 
Integrating relation (4') yields, after iteration. 



oo „ 
Ey{t) = ^(ii)" / 

n=0 ■^0<«i 



^*-.(l/)...^t«i(^)dsi---ds„. 

<---<s„<l 



This expansion is uniformly convergent for t in compact subsets of C. In particular. 



oo „ 
„=0 ''0<s,<_ 



Ey (i/3) = > ](-/?)" / r'/^^" (l^) • • • r''^^^ (V) dsi • • • ds„. (2.28) 

i<.. .<«„<! 



Using Relation (1') with f = we can express the perturbed KMS-state 



Q-0{H+V) 



tr(e-/3(^f+^))' 
in terms of the unperturbed one = e~^^ /tr{e~^^) as 

Pl3v{A) = . (2.29) 

Using this last formula one can compute the perturbative expansion of p^v{A) w.r.t. V. To control this 
expansion, we need the following estimate. 

Proposition 2.22 The bound 

\p^(EMm - 1| < el"^l"^" - 1, (2.30) 
holds for any (3 gM.,V G 0seif cmd a gC. 
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we can write 



Proof. Using Duhamel formula 

^ ^-0{H+saV) ^ _Q, / Q-{P-u){H+saV)y^-u{H+saV) 

ds Jo 

/•It /• 1 

pMEav(i/3) - 1) - — p/3(E,„y(i/3))d5 = -a/?y^ //3(s)ds, (2.31) 

where 

= tr(e-^^) ■ 

Starting with the simple bound 

\\Q-l3{H+saV)ll 

\f,{s)\<\\v\r 



and setting a ^ a + ib with a, 6 G M, we estimate the numerator on the right hand side by the Holder 
inequality (Part 2 of Exercise 2.6) applied to the Lie product formula, 

n— >-oo 

< limsup |je-'3(^+^'^^)/"||;^ ||e-''^"^^/"||'i = tr(e-'^(-f^+'"^^)^ 

n— >C30 



For s E [0, 1], the Golden-Thompson inequality further leads to 

f,.(^-P{H+saV)\ ^ ( -PH -(isaV\ 

so that, finally, 

<||y||e^l^"lll^ll. 

Using Equ. (2.31), we derive 

|p/3(Ev(i/3)) - 1| < \a(3\\\V\\ r e"l"^l"^"ds = el"^!"^" - 1. 



□ 



Replacing V with aV and using the expansion (2.28), we can write 

oo 

P/3(AE„v(i/3)) = ^a"c„(A), 

where cq{A) — pp{A) and 

C„(^) = (-/3)" / p0{AT'P'"{V)---T'^''{V))dSi---dSn. 

JO<si<-<s„<l 

It follows from the estimate (2.30) that the entire function C 3 a i-^ p^(Ecty (i/3)) has no zero in the disk 
Hence, Equ. (2.29) shows that the function C 9 a i-> P^(qV)(^) is analytic on this disk. Writing 



Pp{c.vM) = J2a''bn{A), 



n=0 
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Relation (2.29) yields 

OO / OO \ / oo \ 

n=0 \n=0 / \n=0 J 

and we conclude that for all n, 

n 

Cn(^) =E^J■(^)C"-^(1)■ 
Thus, with coefficients bn{A) given by the recursive formula 

n-l 

60(A) = co(A) = p^(A), 6„(A) = c„(A) - ^ 6j(A)c„_j(l), 

3=0 

we can write 

00 

P/3y(A)-^fe„(A), (2.32) 

n=0 

provided \\V\\ < log 2. 

Exercise 2.13. Show that the expression 

{A\B)p = pp{A*T^^^{B)) ds^- f pf,{A*T'\B)) d5, (2.33) 
JO P Jo 

defines an inner product on O. It is called Kubo-Mari or Bogoliubov scalar product, Duhamel two 
point function or canonical correlation. 



Exercise 2.14. Show that the first coefficients hi [A) and 62 {A) can be written as 

bi{A) = -p{V\A)p, 

62(A) = /■ ds rAs'\pp{AT'P^{VyP^'{V)) - pp{At'P^{V))pp{V) - ppiAr'^^^' {V))pp{V) 
Jo Jo ^ 

where A = A - ppiA). 



2.11 The standard representations of O 

In this and the following sections we introduce the so called modular structure associated with the *- 
algebra O = Ok.. Historically, the structure was unveiled in the work of Araki and Woods [AWo] on the 
equilibrium states of a free Bose gas and linked to the KMS condition by Haag, Hugenholtz and Winnink 
[HHW]. After the celebrated works of Tomita [ ] and Takesaki [ ], modular theory became an essential 
tool in the study of operator algebras. 

For us, the main purpose of modular theory is to provide a framework which will allow us to describe a 
quantum system in a way that is robust enough to survive the thermodynamic limit. While familiar objects 
like Hamiltonians or density matrices will lose their meaning in this limit, the notions that we are about to 
introduce: standard representation, modular groups and operators, Connes cocycles, relative Hamiltonians, 
Liouvilleans, etc, will continue to make sense in the context of extended quantum systems. As a rule of 
thumb, a result that holds for finite quantum systems and can be formulated in terms of robust objects of 
modular theory will remain valid for extended systems. 
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Let H be an auxiliary Hilbert space and denote by £{71) the *-algebra of all linear operators on H. A 
subset A C CCH) is called self-adjoint, written A* = A, if A* € A for all ^ e ^. A self-adjoint subset 
A C C{7i) is a *-subalgebra if it is a vector subspace such that AB G A for all A, B E A. A representation 
of O in H is a hnear map </> : O C{H) such that (l){AB) = (P{A)<P{B) and (/>(^*) = (l){A)* for 
all A,BgO. a representation is faithful if the map (p is injective, i.e., if KeT(p = {0}. A faithful 
representation of O in "H is therefore an isomorphism between O and the *-subalgebra 0(0) C C{T-L). A 
vector tp GHis called cyclic for the representation ^ if "H = (l){0)'ip. It is called separating if ^(A)^ = 
implies that ^ = 0. Two representations (f)\ : O ^ C{H\) and 02 : C — > ^{^-2) are called equiva/entif 
there exists a unitary U : Hi 'H2 such that C/0i(A) = (/)2(^)t^ for all A e C 

Let A and S be subsets of C{^). A\/ B denotes the smallest *-subalgebra of >C('H) containing A and 
B. A' denotes the commutant of A, i.e., the set of all elements of jC^H) which commute with all elements 
of A. If A is self-adjoint, then A' is a *-subalgebra. 

A cotiG in the Hilbert space 7/ is a subset C (Z 1~L such that X'tp G C for all A ^ and all ^ G C If 
Men, then _ 

M = {(t)en\ {ip\(t)) > for all V e M}, 

is a cone. A cone C C "H is called self-dual \f C = C. We have already noticed that O, viewed as a complex 
vector space, becomes a Hilbert space when equipped with the inner product 

(^|7?)=tr(rv?). 

In the sequel, in order to distinguish this Hilbert space from the *-algebra O we shall denote the former 
by 'Ho- Thus, O and Ho are the same set, but carry distinct algebraic structures. We will use lower case 
greeks ^, ry, . . . to denote elements of the Hilbert space Ho and upper case romans A,B,. . . io denote 
elements of the *-algebra O. 

Remark. Let ip i-^ tp denote an arbitrary complex conjugation (i.e., an anti-unitary involution) on the 
Hilbert space /C. One easily checks that the map \ip){ip\ tp^Tp extends to a unitary operator from Hofc 
to /C /C. Thus, the Hilbert space Hoic is isomorphic to /C (g) /C. 

To any A G O we can associate two elements L{A) and R{A) of C{Ho) by 

L{A):^^A^, R{A):^^^A\ 

The map O 9 A m> L{A) e C{Ho) is clearly Unear and satisfies L{AB) = L{A)L{B). Moreover, for all 
^,rj G Ho one has 

(^IL(A)r?) = trie Arj) = tr((A*0*r?) = {L{A*)m, 

so that L{A*) = L{A)* . In short, L is a representation of the *-algebra O on the Hilbert space Ho- In 
the same way one checks that R : O '^(^) is antilinear and satisfies R{AB) = R[A)R{B) as well as 

R{A*)=R{A)*. 

Proposition 2.23 (1) The maps L and R are isometric and hence injective. 

(2) L{0) = {L{A) \AeO}and R{0) = {R{A) | A e O} are *-subalgebras of C{Ho) isomorphic to 
O. 

(3) L{0) n R{0) = CI. 

(4) L{0) V R{0) = C{Ho). 

(5) L{Oy = R{0). 

(6) R{Oy = L{0). 

Proof. (l)-(2) For A&O, one has 

\\L{A)f = sn^ \\L{A)^f = sup tr((AO*(AO) 

11^11=1 tr(e«) = l 

= sup tr((en(^*^))<P*^ll = 11^11'- 

tr = ! 
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On the other hand, if is a normalized eigenvector of A* A to its maximal eigenvalue and ^ = 

|^)(V'|,then = land 

\\L{An = \m = (^lAMV;) = \\A*A\\, 

so that we can conclude that || = \\A\\. L is a linear map and Ker L ~ {0}. Thus, L is injective and 

is an *-isomorphism between O and its image L(0). The same argument holds for B. 

(3) If T e L{0) n R{0), then there exists A,B e O such that A^ =- for all ^ e Uo- Setting ^ = 1 
we deduce A — B.\\. follows that [^4, ^] =0 for all ^ € O and hence A must be a multiple of the identity. 

(4) Let T G C{%o) and denote by {Eij} the orthogonal basis of 'Ho associated to some orthogonal basis 
{ej of /C. Setting Tij^^i = {Eij\TEki), one has 

TEki = ^ Tij^kiEij. 

ij,k,l 

Since = \ei){ej\ = \ei){ek\ek){ei\ei){ej\ = E^kEkiEij ^ L{Eik)RiEji)Eki, can write 

T = ^ Tij^kiL{Eik)R{Eji) , 

which shows that the subalgebras L{0) and R{0) generate all of C{Ho)- 

(5H6) For any A,B e O and ^ e Ho on has L{A)R{B)^ = A^B = R{B)L{A)^ which shows that 
R{0) C L{Oy and L{0) c R{Oy. Let T e so that [T, L(A)] = for all A e O. Set B = Tl, 

then 

for all ^ e We). Hence, T = R{B*) and we conclude that L{Oy C A similar argument shows that 

R{Oy C L{0). □ 

Proposition 2.24 (1) The map J : ^ ^* is a anti-unitary involution of the Hilbert space Ha- 
il) JL{0)J* = L{oy. 

(3) Hq — 0+ is a self-dual cone of the Hilbert space T-Lo- 

(4) = tfor all C e H^. 

(5) JXJ = X* for all X e L(0) n L{Oy . 

(6) L{A)JL{A)n^ c for all AG O. 

Proof. (1) J is clearly antilinear and involutive. Since 

mJv) = tr iCvl = tr(Cr?) = OW, 

J is also antiunitary. 

(2) For all A e O and ^ e Wo one has JL{A)J^ = {ACT = ^A* = R{A)^ which implies JL{A)J = 

R{Ay 

(3) The fact that T-Lq = 0+ is a cone is obvious. It is also clear that if ^, G then (^|?7) > so that 

C Hq. To prove the reverse inclusion, let ^ G Hq. Then {ri\^) > for all rj € Hq. In particular, with 
V = we get {ri\^) = {ip\^tp) > from which we conclude that ^ € Hq. 

(4) -(5) are obvious and (6) follows from the fact that 

L{A)JL{A)£, = A^A* > 0, 
for all ^ > 0. □ 
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The faithful representation L : O ^ £{Ho) is called standard representation of O, J is called the 
modular conjugation and the cone Hq is called the natural cone. The map 

is clearly a bijection between the set of states and the unit vectors in Hq. For all A G O, one has 

is called thevector representative of the state ly in the standard representation. Note that a unit vector 
5 G Hq is cyclic for the standard representation iff ^ > 0, i.e., iff the corresponding state is faithful and in 
this case, for any r? e Ho, one has rj = L{A)(, with A = r]^~^. Since L{A)^ = iff Ran ^ c Ker A, ^ is 
a separating vector iff ^ > 0. 

Exercise 2.15. (The GNS representation) Let be a state and define to be the vector space of all 
linear maps ^ : Ran u ^ IC, equipped with the inner product 

{^\v)i^ = trRani/(z^r??) = trKiv^O- 

1. Show that is a Hilbert space and that tt^ : O ^ Ci^^,) defined by tt^ (A)^ = ^4^ is a represen- 
tation of O in 

2. Denote by rjv ■ Ran i/ M- /C the canonical injection rj^tp = V'- Show that ry^ is a cyclic vector for 
the representation tTj, and that 

iy{A) = {r]u\7T^{A)r]t,)^, 

for all AeO. 

3. A cyclic representation of O associated to a state is a representation tt of O in a Hilbert space H 
such that: 

(i) there exists a vector tp £ H which is cychc for tt. 

(ii) iy(A) = {ilj\Tr{A)iP) for all AeO. 

Show that any cyclic representation of O associated to the state v is equivalent to the above represen- 
tation TTj^. 

Hint: show that Tr{A)tp i-)- T:^{A)r]i, defines a unitary map from H to H^. 

Thus, up to equivalence, there is only one cyclic representation of O associated to a state u. This 
representation is called the Gelfand-Naimark-Segal (GNS) representation of O induced by v. 

4. Show that the map U : Jiv 5 ^ ^ ^v^^-^ G Ho is a partial isometry which intertwine the GNS 
representation and the standard representation 

UiT^iA)^ = L{A)Ui. 

Show that if v is faithful, then U is unitary so that these two representations are equivalent. 

5. Let tj; ^ iphea complex conjugation on /C. We have already remarked that the map U {ip\) = 
if) ®Tp extends to a unitary operator from Hok. to /C (g) /C. Show that under this unitary the standard 
representation transforms as follows. 

(i) UR{A)U-'^ = A 1 and UL{A)U-'^ = 1®A. 

(ii) UJlJ-'^'tp ® (j) = (jX^il). 

(iii) US,, = J2j <^ Vtr(z^)i/2, ^^ere A/s are the eigenvalues of u listed with multiplicities 
and tjjj's are the corresponding eigenfuntions. 

Let r* be a dynamics on O generated by the Hamiltonian H. Since 

L(r*(yl)) = i(e"^Ae-"^) = L{e'*")L{A)L{e-'*") = e'*^^"^ L{A)e-'*^^"\ 
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the self-adjoint operator L{H) seems to play the role of the Hamiltonian in the standard representation. If 
is a state and £,1, e its vector representative, then 

The state vector thus evolves according to g^'*^^^)^j^ = e~'*^^^. Note that this vector is generally not an 
element of the natural cone. Indeed, since I't = e~'*^i/e'*^, its vector representative is given by 

which is generally distinct from e~'*^^i,. On the other hand, by Part (5) of Proposition 2.23, one has 

L{e''")R{e'*")L{A)R{c-''")L{e-''") ^ L{e''")L{A)L{e-''") = L{t\A)), 
so that the unitary group (recall that R is anti-linear) 

L(e'*^)i?(e'*^) = Q^tL(H)^-\tR(H) ^ ^it{L(H)^R{H))^ 

also implements the dynamics r* in the standard representation. We call the self-adjoint generator 

K = L{H)-R{H) = [H,-], 
the standard LiouviUean of the dynamics. 

Exercise 2.16. 

1 . Show that if is a faithful state on O then the natural cone of Ho can be written as 

H+ = {L{A)JL{A)C,\AeO}. 

Conclude that the unitary group e'*'^ preserves the natural cone iff JX + XJ ~ 0. 

2. Show that the standard LiouviUean K is the only self-adjoint operator on Ho such that, for all 
A £ O andt eR, 

e"^L(A)e-"^ = L(r*(A)), 

with the additional property that 6"'*^^^ C Hq. (See Proposition 3.4 for a generalization of this 
result.) 

3. Show that the spectrum of K is given by 

sp(A') ^{x-^i\x,^ie sp{H)}. 

Note in particular that if dim JC — n then is at least 71 -fold degenerate eigenvalue of K. 



2.12 The modular structure of O 
2.12.1 Modular group and modular operator 

In Section 2.9 we have shown that, given a dynamics r* generated by the Hamiltonian H, e~''^/tr(e~^^) 
is the unique /3-KMS state. Modular theory starts with the reverse point of view. Given a faithful state p, 
the dynamics generated by the Hamiltonian — log p is the unique dynamics with respect to which p is 
a /3-KMS state. This dynamics might not be in itself physical but it will lead to a remarkable mathematical 
structure with profound physical implications. For historical reasons the reference value of /3 is taken to be 
— 1. The dynamics 



62 



Entropic Fluctuations in Quantum Statistical Mechanics 



is called the modular dynamics or modular group of the state p. Its generator is given by 

dp{A) :^i[\ogp,A]. 
The (/? = — 1)-KMS condition can be written as 

p{AB) ^ p{^p{B)A). 

According to the previous section, the standard Liouvillean of the modular dynamics is the self-adjoint 
operator on 'Hq defined by 

Kp^L{\ogp)-R{\ogp), 

and one has 

L(4(A)) = a;,*l(A)A;", 

where the positive operator Ap = e^f is called the modular operator of the state p. Its action on a vector 
^ e T-Lo is described by 

ApC = e^('°s'')"-«(i°s'')e - L{p)R{p-^)i = pip-^. 
More generally, for z G C, 

A^e = e-Woiip)-R(\osp))^ ^ L{p'-)R{p-')i = 

and in particular 

JAy^ACp = (Ay^A^p)* = ^ A*(,p, (2.34) 

for any A ^ O. The last relation completely characterizes the modular conjugation J and the square root 

1 /2 

of the modular operator Ap as the anti-unitary and positive factors of the (unique) polar decomposition 
of the anti-linear map A^^p i— > A*^p. 

Generalizing the Kubo-Mari inner product (2.33), we shall call 

{A\B)p= f\iA*,;'-{Bj)du, 
Jo 

the standard correlation of A, B £ O w.r.t. p 

2.12.2 Connes cocycle and relative modular operator 

The modular groups of two faithful states p and i' are related by their Cannes' cocycle, the family of unitary 
elements of O defined by 

[Dp : Di^Y = p'V-'* = e'*i°s^e-"'°s''. 

Indeed, one has 

[Dp : D,]\l{A)[D,, : Dpf = ^^(A), (2.35) 

for all ^ G O and any t G M. The Connes cocycles have the following immediate properties: 

(1) [Dp : DvY[Dv : Dujf = [Dp : Dajf. 

(2) {[Dp : Dz/]*)-i = [Diy : Dp\K 

(3) [Dp : Dv]\l{[Dp : D^Y) = [Dp : Di^Y+'. 

They are obviously defined for any t E C and (2.35) as well as (l)-(3) remain valid. The operator 

[Dp : Dv]-' = pv-^, 

satisfies 

u{A[Dp : Dv]-') = p{A), 
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and is the non-commutative Radon-Nikodym derivative of p w.r.t. u. The Renyi relative entropy can be 
expressed in terms of the Connes cocycle as 

S^{p\v) =\ogv{\Dp : Dv]-'^). 

The relative modular dynamics of two faithful states p and v is defined by 

It is related to the modular dynamics of p and v by the Connes cocycles, 

- [Dp ■■ Di^NM) - imOp : Diyf. 

Its standard Liouvillean is given by 

Kpi^ = L{\ogp) ~ R{\ogiy), 
and the corresponding relative modular operator Ap^^, = e^pi" is a positive operator acting in Ho as 

More generally, for z G C, 
and in particular 

1 /2 

for any A d O. Again, this relation characterizes completely A^j^ as the positive factor of the polar 
decomposition of the anti-linear map ^ ^*?p- 

In the standard representation of O the relative modular dynamics is described by 

L{,l^M))^K\MA)A-ll 
and the relative entropies of p w.r.t. v are given by 

5„(p|z.)=log(e.|A^I,C.), 
S{p\v)^{ip\\ogA,\p^p). 
The relative Hamiltonian of p with respect to i' is the self-adjoint element of O defined by 

1 d 



= log p — log i^. (2.36) 
t=o 



Since (5p = (5^ + i[ip\,^, ■ ], ^p|jy is the perturbation that links the modular dynamics <j* and (j*, i.e., with the 
notation of Section 2.10, 

Further immediate properties of the relative Hamiltonian are: 

(1) For any d e Aut(C'), ipo^-i\,.o^-i = H^p\^)- 

(2) S{pW) = -p(^p|.). 

(3) logApi, =logA, + L(^p|,). 

(4) log Ap = log A, + L{£pi,) - R{£p\,). 

(5) ^p\i/ ^iy\u; ^p\u)- 
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At this point, the reader could ask about the need for such abstract constructions. To answer these 
concerns let us make more precise the introductory remarks made at the beginning of Section 2. 11. Af- 
ter taking the thermodynamic limit, the Hamiltonian H generating the dynamics and the density matrices 
defining the states will lose their meaning. So will any expression explicitly involving H or density ma- 
trices. What will remain is an infinite dimensional algebra O describing the quantum observables of the 
system, a group r* of ^-automorphisms of O describing quantum dynamics and states, positive, normalized 
linear functionals on O. The modular group c^p will also survive as a group of ^-automorphisms of O and 
the modular operator Ap will survive as a positive self-adjoint operator on the Hilbert space carrying the 
standard representation of O. In the same way, relative modular groups and operators will be available af- 
ter the thermodynamic limit. These objects will become our handles to manipulate states. Modular theory 
allows us to recover, in the infinite dimensional case, the algebraic structure of the set of states which is 
clearly visible in the finite dimensional case. For example, the formula 

[0, 1] 9 a ^ S^{p\v) = logtr (p^z^^""), 

obviously makes sense if p and v are density matrices (even in an infinite dimensional Hilbert space — it 
follows from Holder's inequality that the product is trace class). Thinking of p and v as linear 

functionals, it is not clear how to make sense of such a product. The alternative formula 

5„(p|i.)=log(e.|A^|,^.), 

provides a more general expression which makes sense even if p and v are not associated to density matri- 
ces. 

From a purely mathematical point of view, modular theory unravels the structures hidden in the tradi- 
tional presentations of quantum statistical mechanics. These structures often allow for simpler and math- 
ematically more natural proofs of classical results in quantum statistical mechanics with an additional ad- 
vantage that the proofs typically extend to the general von Neumann algebra setting. We should illustrate 
this point on three examples at the end of this section '. 

Exercise 2.17. Let p and v be two faithful states on O. 

1. Show that Ap|J, = JK\pJ- 

2. Let T* be a dynamics on O. Show that 

A —itK\ JUK 

where K is the standard Liouvillean of t* . 



2.12.3 Non-commutative L*'-spaces 

Forp e [1, oo], we denote by LP{0) the Banach space O equipped with the p-norm (2.2). It follows from 
Holder's inequality (Part (3) of Theorem 2. 1) that if p^^ + q^^ = 1 then L'^{0) is the dual Banach space 
to LP{0) with respect to the duality {^\ri) = tr(^*77). Note in particular that L'^{0) = Ho- 

While the standard representation will provide a natural extension of L?{0) in the infinite dimensional 
setting that arises in the thermodynamic limit, there are no such extensions for the Banach spaces L'p{0) for 
p ^ 2. Infinite dimensional extensions of those spaces which depend on a reference state were introduced 
by Araki and Masuda [ ]. We describe here their finite dimensional counterparts and relate them to the 
spaces L^iO). 

Let a; be a faithful state. For p € [2, cx)] we set 

||eL,p = nmx||Aj|;:'eil2. 

perhaps most famous application of modular theory in mathematics is Alain Connes work on the general classification and 
structure theorem of type III factors for which he was awarded the Fields medal in 1982. 
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One easily checks that this is a norm on O and we denote by LP{0, lu) the corresponding Banach space. 
Note that ||^||<^,2 = IICII2 so that L'^{0,uj) = L'^{0) = Ho for any faithful state lu. For p e [1,2], 
we define U'{0,uj) to be the dual Banach space of L'^{0,uj) for p^^ + q^^ = 1 w.r.t. the duality 
(Ch) = tr(r77). 

Theorem 2.25 Forp £ [1, 00] one has \\C\\uj,p = ll^'^'^^^^^^^llp. i-e., the map 

LP{0) -> LP{0,uj) 

is a surjective isometry. 

Proof. For p e [2, 00] one has r = p/{p - 2) e [l,oo] and if e 6, then e L''{0) with 

II jy(p-2)/p|| ^ = ||j/||i = 1. By definition of the relative modular operator, one further has 

11^4: CII2 = {,^"-^^uj-^\,^"-^^uj-^) - tr(z/'^r^"'^o- 

Noting that 1 — 1/r = 2/p, we can write 

ml,, - max trirjCu^-'^O = |ir^-'^eilp/2 = llc^-'^^ll^. 

Ir')llr=i 

_ p-2 _ p-2 

We conclude using the fact that ||a; £,\\p — ||p (recall Exercise 2.7). For p G [1, 2] we have, 

with q^^ = 1 - G [2, 00], 

lleL.p = sup ' = sup = sup '\ ^ = lir^ lip- 

Since {q - 2)/2q = -(p - 2)/2p, we get 

UL,p = iir^-'^iip = \\u^-"^ap = iic^^'^iIp- 

□ 



Exercise 2.18. 

1. Denote by L?J^(e), w) the image of the cone 1/^(0) = {(. E Lp{0) | C > 0} by the isometry of 
Theorem 2.25, 

Show that, withp~i + q^^ = 1, the dual cone to L\{0,uj) is L\{0,uj), i.e., that 

m > 

forall^e LP^iO,u}) iff?/G 1^(0, uj). (Note that ^2^(0, cj) = ^^1,, the natural cone.) 

2. Show that 

i^(O,u;) = {AA^/P^Jpe6,A>0}. 



We finish this section with several examples of applications of the modular structure. The first one is a 
proof of Kosaki's variational formula. 

Proof of Theorem 2.12. We extend the definition of the relative modular operator to pairs of non-faithful 
states. As already noticed (just before Exercise 2. 1 5), if e (5 is not faithful then its vector representative 
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£,1, e Ho is not cyclic for the standard representation. In fact 0(,i, — {^Ci^ | A E O} is the proper 
subspace of Ho given by 

= {?7 e -Ho I Kcr D Kcr i^} - {?? £ ^0 1 77(1 - s{v)) = 0}. 

Accordingly, one has the orthogonal decomposition 

where 

[0^^]-L = e -Ho |Ker?7 D Ranz^} = {ry £ "Ho 1 775(1/) = 0}. 
For p, G (3, we define the linear operator Ap|,^ on Ho by 

^ I Ran I/) ®0|Kcri^]- 

One easily checks that Ap\i, is non-negative, with Ker Ap|,^ = G Ho \ s{p)£s,{iy) = 0}. We note in 
particular that 

JA^/J(L(A)^. © ,7) = s(i.)L(A)*Cp, (2.37) 

for any A e O and 77 e [O^^]-^. 

Starting from the identity tr(/3"i/^"") = A"|^^i,) and using the integral formula of Exercise 2.2 
we write, for a €]0, 1[, 



tr(p"i/i-") = 



Sm TTQ! 



<"-i(C,|Ap|,(Ap|, + t)-i^,) di. 



For A E O one has, 

= ||L(A)*^p|p = ||sHL(A)*ep|P + ||Qi(^)*eplP, 
where (5 = 1— s(j/) is the orthogonal projection on Ker i'. By Equ. (2.37), we obtain 

p{\A*\^) = \\jAll'^L{A)a' + WQHAycX 



= iULiA*)Ap\,L{A)£,) + piAQA*), 



from which we deduce 



\p{\A*\^) + K|l - A{') = i(e.|L(yl*)Ap|.L(A)e.) + - AH^,) 

+ ^^p{AQA*). 
With some elementary algebra, this identity leads to 

(C.|Ap|,(Ap|, + 1)-!^.) = + K|l - Ap) - i?^, 



where 



Ra = IpiAQA*) + (1 + Ap|,/<)i/2(i(A) - (1 + Ap|,A)-i)e. 



Since i?^! > 0, we get 



tr(p"i/i-") < 



sm 7ra 



:P(iA(i)*n+^(ii-A(i)p) 



for all A e C(M+,C'), with equality iff RA(t) = for all t > 0. Since Ap|^ > 0, this happens iff 
(1 + Ap\^/t)L{A{t))£i, = £^ and p^/^A{t)Q = for all t > 0. The first condition is equivalent to 

il-A{t))i.= -^pA{tXu). 
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An integration by parts shows that the function 

Jo 

satisfies this condition as well as Ac,pt{t)Q = so that RAaptit) — 0- This proves Kosaki's variational 
principle. 

Suppose that B{t) e C(M+, O) is such that A{t) = Aopt{t) + B{t) is also minimizer. It follows that 
B{t) satisfies the two conditions 

tB{t)v + pB{t)s{iy) = 0, (2.38) 

p'/^Bit){l-s{u))^0, (2.39) 

for all t > 0. Let (j> be an eigenvector of ly to the eigenvalue p > 0. Condition (2.38) yields {p + 
tp)B{t)4i = which implies B{t)(j) = 0. We conclude that B{t)s{v) = and Condition 2.39 further 
yields p^/'^B{t) = 0. It follows that if either or p is faithful then B{t) =0. □ 

As a second application of modular theory, we give an alternative proof of Uhlmann's monotonicity 
theorem. 

Proof of Theorem 2.13. To simplify notation, we shall set v = ^*{v) and p — ^*{p)- In terms of the 
extended modular operator, one has 

S^{p\i,) = logtr(p%i-") = log(C.|A^|,C.), 

and we have to show that 

(&|A^|,6) > (^.|A^|.?.), (2.40) 

for all a e [0,1]. 

Consider the orthogonal decomposition 'Hok — ^K.S,i> © [^Kio]'^- For A e Ofc and -q £ [OjcS.p]^, 
the Schwarz inequality (2. 14) yields 

mA)a' = iumrm)^^) 

< i^,MA*A)^,) = ,ymA*A)) = i.iA*A) 
= {^,\A*A^,) - 

which shows that the map A£^p ® ry H> ^{A)£^,y is well defined as a linear contraction T^^ : T-Lok. ^ ^Ojc ■ 
The map Tp is defined in a similar way. 
For A G Ok; and 77 e [OicS^c]^, one has 

JA;0,(A6 © 77) = JA;0,(As(z>)?, ® iq) 
= JAj/^^<l>(As(i>))e. 

= s{v)Tps{i>)A*ip 

= sMTpJA^/^(A6 + r;), 

from which we conclude that A^j'^T^ = if A^|^ where K = Js{v)TpJ is a contraction. It follows that for 

aV't.(A^/^ + e)-i = K^\{^{h\{^ + e)-\ 
and since sup^>Q ^ e) — \ one has \\t^j^Ty(^t^J^^ + ^ 1- The entire analytic function 

F[z) = (f|(A^/^ +e)-r;A^|,T.(A^/^ + 
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thus satisfies 

1 

e 



\F{z)\ < ^iiA,|. + 111 ur, \F{it)\ < ur, \F{i + it)\ < m 



on the strip < Rez < 1. By the three lines theorem |F(z)| < on this strip. Setting z — a E [0, 1], 
we conclude that 

Letting e | we get 

and (2.40) follows from the fact that T^^^ = $ ( 1 = . □ 

As a last illustration of the use of modular theory, we prove a lower bound for quantum hypothesis 
testing which complements Theorem 2.19. Our proof is an abstract version of similar results proven in 
[ANSV, HMO], where reader can find references for the previous works on the subject. The extension of 
our proof to the general von Neumann algebra setting can be found in [ 'OPS]. 

Let Dp{p, v) — Dp{p, V, Popt) be as in Section L3.7. Let ^p\i, be the modular operator defined in the 
proof of Theorem L14, and let be the spectral measure for Ap|j^ and 

Proposition 2.26 

Dp{p,v) > -min(p, 1 -p)^p|j,([l,oo[). 
Proof. Let P be an orthogonal projection (a test). By Equ. (2.37), one has 

Dp{p, V, P) = p\\{l - P)ep|P + (1 - P)\\P^.\\^ 

> p\\s{,y)il - P)^X + - P)\\nuf 
>p\\Al('^{l-P)a^ + {l-p)\\Pa' 

> min(p, i-p) (iia;/J(i - + 

> min(p, 1 - P)Ap|,(l -P)+ PIP)^,). 

Let F be the characteristic function of the interval [1, oo[. Since 1 > F{Ap\i,) and Ap|,^ > F(Ap|^), we 
further have 

Dp{p, V, P) > min(p, 1 - - P)P(Ap|,)(l - P) + PP(Ap| JP)^.). 

From the identity 

(1 - P)P(Ap|,)(l - P) + PP(Ap|,)P - ^P(Ap|,) = (1 - 2P)P(Ap|,)(l - 2P), 
we deduce (1 - P)P(Ap|^)(l - P) + PP(Ap|^)P > ip(Ap|^) which allows us to conclude 

Dpip, '^,P)>\ min(p, 1 - p)(C.|P(Ap|,)^,), 
for all orthogonal projections P E O. Finally we note that 

Dp[p,u) =iTi\i\Dp{p,v,P) > ^min(p, l-p)(^,,|P(Ap|j,)^j.) 

= ^min(p, l-p)^p|^([l,cx)[), 
which concludes the proof. □ 
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Exercise 2.19. Prove the following generalization of Kosaki's variational formula: for any p, z/ e S, 
B GOanda e]0, 1[ one has 



ti(B*p"Biy^-°') = inf 
^ ^ AeC(R+,0) 



TT Jo 



p{\A{tr\')+^{\B-A{t)\') 



dt. 
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Chapter 3 



Entropic functionals and fluctuation 
relations of finite quantum systems 

3.1 Quantum dynamical systems 

Our starting point is a quantum dynamical system (O, r* , oj) on a finite dimensional Hilbert space K,, where 
M 9 t H> r* is a continuous group of ^-automorphisms of O, and uj a faithful state. We denote by 6 the 
generator of r* and by H the corresponding Hamiltonian. 

As in our discussion of the thermally driven harmonic chain in Chapter 1 , time-reversal invariance (TRI) 
will play an important role in the sequel. An anti-linear ^-automorphism of O is called time-reversal of 

(0,T*)if 

608 = id, r*oe = eor~*. 

A state UJ is called TRI iff uj{Q{A)) = uj{A*). The quantum dynamical system (O, r*, a;) is called TRI if 
there exists a time-reversal of (O, r*) such that oj is TRI. 

Exercise 3.1. Suppose that 8 is a time-reversal of (0,t*). Show that there exists an anti-unitary 
Ue : JC ~> /C, unique up to a phase, such that 6(A) = UsAUq^ and deduce that tr(9(A)) = tr(A*). 
Show that Q{H) = H and that a state uj is TRI iff 9(w) = uj. 
Hint: Recall Exercise 2.4. 



3.2 Entropy balance 

The relative Hamiltonian of cjf w.r.t. uj, £^^\^ = log — log is easily seen to satisfy: 
Proposition 3.1 (1) For all i, s e M the additive cocycle property 

L,^B\u^L,\.u+r-\L^l^), (3.1) 

holds. 

(2) If{0,T,uj) is TRI, then 

Q{L,\u.) = -r\iu.,\u), (3.2) 

for all t e M. 
Differentiating the cocycle relation (3.1) we obtain 
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where 



t=o 



(recall that Si^ denotes the generator of the modular group of ui). Thus, we can write 

^ajtl^^ = / ds, (3.3) 
Jo 

and the relation S{uJt\uj) — —(^t{(^LUt\uj) yields the quantum mechanical version of Equ. (1.5), 

S'(wtlw) = - / uj{as)ds. 







We shall refer to this identity as the entropy balance equation and call a the entropy production observable. 



Proposition 3.2 uj{cr) =0 and if {0,t*, uj) is TRI then 6(o-) = — cr. 

Proof. Lo{(j) — — itr(ti;[i?, logoj]) = itr(i7[a;, logcj]) = 0. Differentiating (3.2) 2At — {) one derives the 
second statement. □ 

An immediate consequence of the entropy balance equation is that the mean entropy production rate 
over the time interval [0, t], 

1 



has a non-negative expectation 

= - / w(cr,)ds > 0. (3.4) 
i Jo 

Introducing the entropy observable S = — logo; (so St — t*(5) — — logw-t), we see that 



S* = 7 / as ds, 





1 



^'^liSt-S), ^St\t=o^<J- (3.5) 
t at 

The observable S cannot survive the thermodynamic limit. However, the relative Hamiltonian and all other 
objects defined in this section do. All relations except (3.5) remain valid after the thermodynamic limit is 
taken. 



Exercise 3.2. Assume that the quantum dynamical system (O, r*, lj) is in a steady state, w(t*(A)) = 
uj{A) for all A G O and ^ e M. Denote by K the standard Liouvillean of t* and by the generator of 
the modular group of uj: = e*'^'^. Consider the perturbed dynamical system (O, Ty, w) associated 
to 1/ e ©self (see Section 2.10). 

1. Show that its entropy production observable is given by 

a = S^{V). 

2. Show that its standard Liouvillean is given by 
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3.3 Finite time Evans-Searles symmetry 

At this point, looking back at Section 1.6, one may think that, for TRI quantum dynamical systems, the 
universal ES relation (1.13) holds between the spectral measure P* of S* associated to u 

c.(/(I]*)) = P*(/)= j fis)dP\s), 
and its reversal P*{f) = E*)). To check this point, we first note that, by Proposition 3.2, 

which is the quantum counterpart of Equ. (1.10) and (1.12). Note that this relation implies that s E sp(S*) 
iff —s € sp(I]*) and that the eigenvalues ±s have equal multiplicities. Furthermore, 

P\f) = o r-*(/(-E*)) = u;t o e(/(E*)) = = ^(/(I]*)c._tW-i), 

which, using (3.3), can be rewritten as 

p\f) = UJ (/(E*)e'°sc.-ts'g-iog<^^ 

If UJ is not a steady state then log uj and E* do not commute and hence we can not conclude, as in the 
classical case, that P* {f) equals uj ^/(I]*)e^*^ ^ . Our naive attempt to generalize the ES relation (1.13) 
to quantum dynamical systems thus failed because quantum mechanical observables do not commute. 

Exercise 3.3. Show that the ES-relation 
holds for all t if and only if , uj] = 0. 

Hint the relation implies w(e^*^ ) = 1. By Golden-Thompson inequality, 

w(e-*^*) = tr(e'°s'^e'°s"-*-i°g") > tr(e'°s"-*) = l, 

and equahty holds iff uj and uj^t commute (recall Exercise 2.8). Differentiating ujujt — ujfUJ at t = 
deduce that Huj'^ = uj'^H. 

As noticed in Section 1.6, the ES relation (1.13) is equivalent to the ES-symmetry (1.14) of the Laplace 
transform of the measure P*. We recall also that this Laplace transform is related to the relative entropy 
through Equ. (1.9). It is therefore natural to check for the ES-symmetry of the function 

a ^ Sa{uJt\uj). 

Assuming TRI, we have 

tr(wf w^-") = tv{<d{uj^'°'ujf)) = iriuj^-^ujlt) = tr{ujl-"uj°'), 
where we used thattr(0(^)) = tr(A*) (Exercise 3.1). Thus, 

Sc,{uJt\uj) = \ogiv{ujfuj^-°') = logtr(a;(i-")/Vw^^""^/^), 
satisfies the ES-symmetry. 
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In our non-commutative framework one may also define the entropy-like functional 



9 a H> ep^t(a) = logtr 



P/2' 



For reasons that will become clear later, we restrict the real parameter pto p > 1. Since log ut ~ log u 
^ujt\uj^ Corollary 2.3 yields 

e^^tia) = lim e„,t(a) = logtr(e(i-")'°s'^+"'°s'^') = logtr(e^°s'^+"^-ti"). 
We shall call the ((q) entropic pressure functionals. Their basic properties are: 

Proposition 3.3 (1) The function [1, oo] 9 p i— > ep^t{oi) is continuous and monotonically decreasing. 
(2) The function M 9 a Cp^t (ck) is real-analytic and convex. It satisfies Cp^t (0) = e^^j (1) — and 



ep,t(a) 



<0 for a e [0,1], 
> otherwise. 



(3) ep,t(a) = ep^_t(l - a). 

(4) 9aep,t(a)|Q=o ^'^(^d^tlt^) = 5'(w|i:Jt) ant/9Qep^t(a)|a=i =a;t(^^j|„) = -S'(i:Jt|i:j). 

(5) 52eoo,t(a)U=0 = (^^t|a;K<^t|c^>" " ^{Lt\u:?- 

(6) 52e2,«(a)U.o=w(^5,|J-^(^..|-)'- 

(7) If {O ,uj) is TRI, then the finite time quantum Evans-Searles (ES) symmetry holds, 

ep,t(a) = ep,t(l - a). 



(3.6) 



Proof. (1) Continuity is obvious. Writing 

ep,t(a)= log ||c^r/Vi-")/^||^, 
monotonicity follows from Corollary 2.3. 



(3.7) 



(2) Analyticity easily follows from the analytic functional calculus and convexity is a consequence of 
Corollary 2.4. The value taken by Cp j at a = and a = 1 is evident and the remaining inequalities follow 
from convexity. 

(3) Unitary invariance of the trace norms and Identity (2. 11) give 

||^a/p^(l-a)/p|j^ = ||e-"^Cj"/V*^L^(l-")/P|lp 

= ||w"/fe'*-f^w(i-"'/Pe-"^||p 

= ll,„"/p„/ir")/P|l„ = IL,(\-")/P,„"/P|L 



(4) We consider only p E [1, oo[. The limiting case p = oo will be treated in the proof of Assertion (5). 

We set T{a) = t^(i-")/Pa;2"/P^(i-a)/P so that 

dcCp^a) = a,tr(T(a)f/2) 

a— 

Let r be a closed contour on the right half -plane Re z > encircling the strictly positive spectrum of 
T(0) = oj^/P. Since a T{a) is continuous, F can be chosen in such a way that it encloses the spectrum 
of T{a) for a small enough. Hence, with f{z) = z^l"^, we can write 

tr r(a)^'/^ = j( /(z)tr ((z - 
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so that 



a=0 



d^tr {T{aY'^) = i /(z)tr [(z - T{0))-'T' {0)iz - T(0)) 



J 2m' 



An elementary calculation gives 



and the cyclicity of the trace allows us to write 

2 



9„tr(T(af/2) 



a=0 p 

2 

= -tr 
P 



/(Z)tr (z-^2/p)-2^2/p^^^|^ 



dz 
27ri 



The second statement also follows by taking (3) into account and observing that S{oj\uj^t) = '5'(a;t|a;). 
(5) Setting T{a) = e'°s'^+"Cti-, we have r(0) = uj and 

5„eoo.t(a) -tr(r'(0)), 

dle^Ac^) =tr(r"(0))-(tr(r'(0)))^ 

Iterating Duhamel's formula (recall Exercise 2.3), we can write 



T{a)=uj + a uj^~'e^^\^uj'ds + , 



so that 



tr (T'(0)) = / tr ds = = 5(^|c.t), 







which proves (4) in the special case p — oo, and 



tr [Lo^-'e^,i^oj'e^,i^] dsdu 
tr duds 




1 



2 / (1 - 5)tr [uj'-'L,i^Lo'£^,iu.] ds 



= 2 



;tr [w^^^^i^^w^ "dc^] ds. 



Taking the mean of the last two expressions, we get 



tr(r"(0))= / tr [c.i-%^|,c.^^„^|,] ds 



and hence 



9^600,1 (a) 



a=0 



(6) Follows easily from the fact that 62,4(0;) = ^'^(i^tli^) = logtr {uj"uj 
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(7) Under the TRI assumption one has Q{uj) — lj, Q{uJt) = ^-t, 

and hence Bp. ((a) — ep__t(a). The resuh now follows from Assertion (3). □ 

According to our rule of thumb, we reformulate the definition of the functionals t(a) in terms which 
are susceptible to survive the thermodynamic limit. We first note that 

while Theorem 2.15 (2) yields the variational principle 

eoo,t(a) = maxS'(p|cj) + ap{£^A^). 
pes 

Moreover, Equ. (3.7) and Theorem 2.25 immediately lead to 

forp G [1, oo[. 

Exercise 3.4. Show that 



Exercise 3.5. Show that the function [l,oo] 9 p i— ^ ep,t(a) is strictly decreasing unless H and oj 
commute. 

Hint: recall Exercise 2.8. 



3.4 Quantum transfer operators 

Forp e [1, oo] we define a linear map Up{t) : Ho ^ Ho by 

In terms of Connes cocycles and relative modular dynamics, one has 

Up{t)^ = e-''"^e''"[Dojt : Dujf----p'> = e-"^^e"^"' (3.8) 
One easily checks that R 3 1 1-^ Up{t) is a group of operators on Ho which satisfies 

mp{t)v) = {u,{-mv), (3.9) 

for all £,,1] E Ho with p^^ + q^^ = 1. The following result elucidates the nature of this group: it is 
the unique isometric implementation of the dynamics on the Banach space L'p{0,uj) which preserves the 
positive cone {0,uj). 

Proposition 3.4 (1) 1 1— Up{t) is a group of isometries ofLP{0, ui). 
(2) Up{t)Ll{0,uj) C Ll{0,uj). 
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(3) Up{-t)L{A)Up{t) = L{t\A)) for any A e O. 

(4) J7p(t) is uniquely characterized by Properties (l)-(3). 

The groups C/p are natural non-commutative generalizations of the classical Ruelle transfer operators. 
We call -LiouviUean of the quantum dynamical system {O, t*,uj) the generator Lp of Up, 

Up{t) = e""^". 

From Equ. (3.8) we immediately get 

Lpi^H^-iS''-\H). 
Interpreting (3.9) in terms of the duality between U'{0, oj) and L''{0, w), we can write 

Note that, in the special case p = 2, L2 = L2 coincide with the standard Liouvillean K of the dynamics 

T*. 

Theorem 3.5 For any p G [1, 00] one has 

sp(Lp) = sp{K) = {x-^l\x,^ie sp{H)}. 

Exercise 3.6. This is the continuation of Exercise 3.2. Show that the L^' -Liouvillean of the perturbed 
dynamical system {O, Ty,uj) is given by 

Lp^ = K^ + V^- jC^^''^\v)Ji. 

Interestingly enough, one can relate the groups Up to the entropic pressure functionals introduced in 
the previous section. The resulting formulas are particularly well suited to investigate the large time limit 
of these functionals. 

Theorem 3.6 For a e [0, 1], 

holds provided p S [1, oo[. In the special case p = 2, this reduces to 

e2,t(a)=log(e^|e-'*^i/°^„). 
With the help of Theorem 2.25, the proof of the last theorem reduces to elementary calculations. 

Proof of Proposition 3.4 and Theorem 3.5. Let K be the standard Liouvillean of {0,t*,uj). Since 
g-itif^ = c^'*^^e'*^, it is obvious that e~'*^ is a group of isometrics of U'{0) which preserves the 
positive cone L^_^{0). Denote by Vp : L^iO) — > LP{0, uj) the isometry defined in Theorem 2.25. Theorem 
3.5 and Properties (1) and (2) of Proposition 3.4 follow from the facts that Up{t) — V^e~'*^V^^^ and 
LP_iO, w) = VpLP^iO). To prove Property (3) we note that Vp G R{0) ^ L[0)' , so that 

Up{-t)L(A)Up{t) = Vpe''''Vp^L{A)Vpe-''''Vp^ 
= Vpe'''^L{A)e-'''^Vp^ 
= VpL{r\A))Vp-' = L{t\A)). 
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(4) Let M 3 t 1-^ [/* be a group of linear operators on Ho satisfying Properties (l)-(3) and set V* = 
L(e'*^)t7*. The group property implies that 

so that, by Property (3), 

L{t'{A)) ^ U-'L{A)U' = {V')~^L{e''")L{A)L{e-''")V' 

= (W)-iL(e"^Ae-"^)y* = {V^^ L{t\A))V\ 

for all AeO. Setting A = t~*{B) we conclude that 

V^L{B) = L{B)V\ 

for all B £ O, i.e., V* € L{0)' — R{0). Using the group property of C/* one easily shows that t is 
also a group. It follows that V*" = _R(e'*^) for some H E O. Thus, for any A E O, one has 

U'Au;--~-p =e''"AJ--h~'*'^' =e''"Ae'''"*uj-^--p, 

where H* = Exercise 2.18 (1) and Property (2) imply that e'^^ Ac-'^"* e 0+ for any 

A € 0+. Since any self-adjoint element of O is a real linear combination of elements of 0+, it follows 
that 

for any A E Oscif ■ This identity extends by linearity to arbitrary A E O. Differentiation at t = yields 

{H - H**)A = A{H* - H). (3.10) 

Setting A = 1, we deduce that H* + H** = 2H, and hence that H* = H + \T with T E Oscif- 
Relation (3.10) now implies TA = AT for all A e O so that T = Xl for some A e M. It follows that 
H* = S^''^~^'^\h)* - lA and hence JJ* = c^*C/p(t). Property (1) finally imposes A = 0. □ 



3.5 Full counting statistics 

The functional 

can be interpreted in spectral terms. If we denote by Q* the spectral measure of the self-adjoint operator 



for the vector then 



log A 



62,4 (a) = log 



Mg*(s) 



(3.11) 



As explained at the end of Section 1.6, the ES symmetry (3.6) can be expressed in terms of the measure Q* 



in the following familiar form (see [T ,M]). Let r : 
be the reflected spectral measure. 



be the reflection r(s) — ~s, and let Q — ov 



Proposition 3.7 Suppose that (C',r*,cj) is TRI. Then the measures Q* and Q are mutually absolutely 
continuous and 



dQ 
dQ 
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The measure Q* is not the spectral measure of any observable in O and on the first sight one may question 
its physical relevance. Its interpretation is somewhat striking and is linked to concept of Full Counting 
Statistics (FCS) of repeated quantum measurement of the entropy observable S = — log uj. To our knowl- 
edge, this interpretation goes back to Kurchan [ ] (see also [i-i^i.i]). 

At time t — 0, with the system in the state uj, we perform a measurement of S. The possible outcomes 
of the measurement are eigenvalues of S and s S sp(S') is observed with probability w(Ps), where Pg is 
the spectral projection of S onto its eigenvalue s. After the measurement, the state of the system reduces to 



and this state now evolves according to 



A second measurement of S at time t yields the result s' G sp(S') with probability 

tr {e-'^"ujPse'*"Ps') 

Thus, the joint probabiUty distribution of the two measurement is given by 

and the probability distribution of the mean rate of change of entropy, (j) = (s' — s) /t, is given by 

Pt(0)= J2 tr(e-"^c^P,e'*^P,.). 



It follows that 



tr (c-''"u 



and we conclude that 



62 -t(a) = e2,t(l - a) = log 



4> 



Comparison with Equ. (3.11) allows us to conclude that the spectral measure Q~* coincide with the 
distribution Pt(0). Consequently, applying Proposition 3.3, the expectation and variance of w.rt. Pf are 
given by 



Et(0) 
1 



dae2 -tia) 



a=0 



(9„e2,-t(a) 



Q=0 



They coincide with the expectation and variance of S* w.rt. uj. However, we warn the reader that such a 
relation does not hold true for higher order cumulants. 

Note that time-reversal invariance played no role in the identification of Q with Pt(0). However if 
(O, r, Lu) is TRI, then Q ' = Q* and Proposition 3.7 translates into the fluctuation relation 



~t4> 



where G (sp(S') - sp(S'))/t. 
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3.6 On the choice of reference state 

Starting with entropy production, all the objects that we have introduced so far depend on the choice of the 
reference state lo. In this subsection we shall indicate by a subscript this dependence on cj (hence, is the 
entropy production of (O, r*, w), etc.). 

If and p are two faithful states on O, then 

and hence 



^-'^^ = iL a:/ (Wd« = 1 

Consequently, 







Thus, and become indistinguishable for large t. A similar result holds for the properly normalized 
entropic functionals. For example: 

Proposition 3.8 For all a and t G M one has the estimate 



-eoo,t,u,{a) - -eoo,t,p{a) 



<(|i_,| + H)%lI 



Proof. We have 



< e(|i-°l+l"l)ll'^-iplltr(e'°s''+"^f*i''), 
where we have used the Golden-Thompson inequality (Corollary 2.3). Taking logarithms, we get 

eoo,^tj(a) - Boo^t.pia) ^ (|1 - "1 + l"l)ll^c^|pll- 
Reversing the roles of cj and p and using that ||^tj|p|| = IKpi^ll we deduce the statement. □ 



3.7 Compound systems 

Consider the quantum dynamical system {O, t*,uj) describing a compound system made of n subsystems. 
The underlying Hilbert space is given by a tensor product 

n 

/c-(g)/c„ 

and 

n 

= (g)0,, (3.12) 



where Oj = O/c^ is the algebra of observables of the j-th subsystem. We identify Aj e Oj with 1 ^ j - 1 ^ (g) 
We assume that the reference state u has the product structure 

n 

uj{Ai An) ^Y[ujj{Aj), (3.13) 
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where ujj is a faithful state on Oj . According to the above convention, Ljj is identified with the positive 
operator l^j-i^. ® ujj l^r,_^^^j(^., so that logw^ is a self-adjoint element of O and 

n 

log w = ^ log ujj . 

Accordingly, the entropy production observable of the system can be written as 

a = i[\oguj,H] = ^CTj, 



where dj = i[\ogujj, H]. Similarly, the relative Hamiltonian decomposes as 

n 

where 



Jo 

If the system {O, t* is TRI with time-reversal 8, we shall always assume that 



This implies 



For OL = (ai, • • • , «„) G M" we denote oj"- = oj"^ • • • a;"". Similarly, 



a _ „-itH, .olAIH 



We also denote 1 = (1, . . . , 1) and = (0, . . . , 0). The multi-parameter entropic pressure functionals are 
defined for t e M and a. e M" by 



ep,t(a) = 



log tr 



for 1 < p < oo, 



logtr ^e'°^'^~'^^J "j^^jti^i^ forp = cx). 



These functionals are natural generaUzations of the functionals introduced in Section 3.3 and have very 
similar properties: 

Proposition 3.9 (1) The function [1, cxi] 3 p t-^ ep^t{cx) is continuous and monotonically increasing. 

(2) The function M" 9 a M- ep,t{a) is real-analytic, convex, and 6)3.4(0) = Cp.f (1) = 0. 

(3) ep^t{oL) = gp - a). 

(4) da^ep^t{OL)\oc=0 = 

(5) 



(6) 



^ JO Jo 
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(7) If {0,T^ ,Lu) is TRI, then the finite time Evans-Searles (ES) symmetry holds: 

ep^t{ct) = ep_t(l - a). 
The proof, which is similar to the proof of Proposition 3.3, is left as an exercise. 

In order to express the multi-parameter entropic pressure functionals in terms of the modular structure 
of {0,uj), we have to extend the definition of relative modular operator. Let us briefly indicate how to 
proceed. The main problem is that uij is not a state on O (it is not properly normalized, and cannot be 
normalized in the thermodynamic limit since the dimensions of the Hilbert spaces JCi diverge in this limit). 
However, as a state on Oj , ujj has a modular group (;^. and a modular operator A^^ such that 

The formula 

n 

M"3s=(si,...,s„)k^C = (8)^:^ 

defines an abelian group of ^-automorphisms of O. With a slight abuse of language, we shall refer to the 
multi-parameter group as the modular group of lu. We denote by 

n 

Aj! = (g)Ajj;. 
the corresponding abelian unitary group. Setting 

we cleai-ly have <;^{A) = uj'^Auj^^^ and <;^^{A) = ujI^ Auj^T'"' . 
The two modular groups c,^ and are related by 

CM) = [D^t ■■ Du;rCiA)[Du; : Doj^T, 

where the unitary Connes cocycle 

[Dwt : Dw]^ = e'^^'^^"*('°s"'^)e"'^j "^ '°s'^^ = e-"-^e'*^"(^', (3.14) 

satisfies the two multiplicative cocycle relations 

[Dujt : DujrCi[DuJt : Dcof ) = [Dujt : 
T-\[DiJt' : DLu]^)[DLUt : Dio]'' = [DuJt+e : Dio]\ (3.15) 

Thanks to the first relation, 

defines an abelian group of unitaries on Ho- One easily checks that AJ^ — ^w^'**. The relative 
Hamiltoruan (^ajjt\<^j — *(log'^j) ~ log'^j is given by 

Using Theorem 2.25 and the fact that lS.Z^^£,u} = it is now easy to show that, forp G [1, oo[, 

ep,,(a) = \og\\AZ[lU\% = \og\\[Duj, : Doj^'^'^Ul.,,: (3-16) 
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while Theorem 2.15 leads to 

eoo,t(a) = max |^S'(p|w) + ^ 
In particular, one has 

e2,t(a) = log(e.|A« i^e-) - \Qguj{[Du:t : Duj]-''^). 

One can also generalize Theorem 3.6 to the present setup. To this end, let K be the standard Liouvillean 
of the dynamics r*. With s e M", the second cocycle relation (3.15) allows us to construct the unitary group 

g-itifs ^ R{[DuJt ■■ Dujfye-'*^, 

on Ho- By (3.14), one has 

so that Ks = L{H) - R{<;^{H)). Analytic continuation of e"'*''^^ to s = i(l/2 - l/p)l with p e [1, oo] 
yields the group Up{t) of isometric implementation of the dynamics on the Araki-Masuda space L''{0, cj) 
introduced in Section 3.4. 

For a e [0, 1]" and p E [1, oo], let us define 



From the identity 



1 a 



e 



and Equ. (3.16) we deduce 

ep^tia) = log lie"'* ^^JZ^p. 
In the special case p = 2, this can be rewritten as 



Exercise 3.7. Show that the Connes cocycle r(s,i) — [Dtut : I?a;]^ satisfies the following differential 
equations, 

-ij^r(s,i) = T-\CiH) - H)T{s,t), r(s,0) = 1, 

at 

-i^r(s,i) = r(s,t)C(T-*(ioga;,) -logwj), r(o,t) = i. 

asj 



Exercise 3.8. Assume that H = Hq + V with [Hq, lu] = 0, i.e., u is a steady state for the dynamics 
Tq generated by Hq. Show that 

ii =A'o + i(F)-i?(C("-'/'^(^)), 
where Kq is the standard Liouvillean of Tq. 
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3.8 Multi-parameter full counting statistics 

We continue with the framework of the last section and extend to compound systems our discussion of full 
counting statistics started in Section 3.5. 

With Ij — (0, . . . , 1, . . . , 0) (a single 1 at the j-th entry) we set 

A^jtl^j — ^wt|w- 

In terms on the joint spectral measure Q* of the commuting family of self-adjoint operators 

- ^ log A„^^ ^ log A<^„^ , 

associated to the vector one has, for a E M", 

Let r denote the reflection r(s) = — s on R", and let Q* = Q* o r be the reflected spectral measure. The 
ES symmetry 62,4 (1 — a) — 62,4 (a) translates into 

Proposition 3.10 Suppose that (0,t*,ui) is TRI. Then the measures Q* and Q* are mutually absolutely 
continuous and 



To interpret this result, considered the vector observable 

S = (-logwi,--- ,-logw„). 

Since the Wj 's commute, the components of S can be simultaneously measured. Let denote the joint 
spectral projection of S to the eigenvalue s g sp(S). The joint probability distribution of two measurements 
is 

tr {e-''"u:Pj'"P,.) . 

Denote by Pt(0) the induced probability distribution of the vector (f) — (s' — s)/i which describes the 
mean rate of change of S between the two measurements. For ol e M" one has, by Proposition 3.9 (3), 

s,s' 

As in Section 3.5, we can conclude that the spectral measure Q * coincide with the probability distribution 
Pj. Assertion (4) and (6) of Proposition 3.9 yield the expectation and covariance of 4> w.r.t. Pj, 



1 ,„ . 1 



a=0 "'0 



ct=0 



1 

2t2 



a;(((Tjs - uj{ajs))i<Jku - uji<Jku))) dsdu. 
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If the system is TRI then Q * = Q* and Theorem 3.10 yields the ES fluctuation relation 



Pt(0) 



Exercise 3.9. The above formula for the covariance of the full counting statistics implies that 



t rt 



"'0 



Ajk ^ u {{ajs - uj{crjs))icrku - w(crfc„))) dsd 



is symmetric, Ajk = A^j- Prove this directly, starting from the definition (Tj = — i[ff, lege 
Hint: show that 



/ / [o-js,o-fc„]dsdu = [logwjjlogwfc] +r*([logcjj,logwfc]) 
Jo Jo 

- ['r*(loga;j),loga;fc] - [logWj, T*(log Wfc) 



Exercise 3.10. Check that the tensor product structure (3.12) was never used in the last two sections. 
More precisely, replacing Assumption (3.13) with 

n 

logo; = ^Qi, 

where (Qi, . . . , Qn) is a commuting family of self-adjoint elements of O, and defining ujj — 6*5^ so 
that 

show that all the results of the two sections hold without modification. 



3.9 Control parameters and fluxes 

Suppose that our quantum dynamical system {Ox ,tx ,i^x) depends on some control parameters X = 
{Xi, ■ ■ ■ ,Xn) € K". One can think of Xj's as mechanical or thermodynamical forces acting on the 
system. We denote by Hx the Hamiltonian generating the dynamics rj^, by <Jx the entropy production 
observable, etc. We assume that ujq is Tq invariant and refer to the value X = as equilibrium. Note that 
this implies ctq = 0. We adopt the shorthands r* = Tq, w = cjq- 

Definition 3.11 A vector-valued observable ^x = ' ' ' i ^^x"^) ^ ^soif' called a flux relation if, 

for all X, 

ax=jZxMl^. 

In what follows we will consider a family of quadruples (O, r^, wx, ^x)^gR", where #x is a given flux 
relation. Somewhat colloquially, we will refer to (E"}^ as the flux (or current) observable associated to the 
force Xj. In concrete models, physical requirements typically select a unique flux relation ^x- 
If {Ox, ''■jf, wx)xeK" time-reversal invariant (TRI), we shall always assume that 

Qx{^x) = (3.17) 
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This assumption implies that ujxi^x) — for all X. 

Notation. Foiv ee,d e Aut(C'), A = (Ai, . . . , A„) e O", and F = (Fi, . . . , r„) e C" we shall use 
the shorthands 

,9(A) = (79(Ai),...,9(A„))eO", 
r*(A) = At = (r*(Ai), • • • , t*(^„)) € O", 

n 

Y-A = Y,Y,A,eO. 
The relative Hamiltonian of ujxt w.r.t. wx is given by 

We generalize the p = oo entropic pressure functional 

eoo,t(a) =logtr (e'^s^^+^^^xti-x ) , 

by introducing 

et{X,Y) = logtr (^e>°g"x+r./„* *x(-.,ds^ ^ (3^18) 
where F e M". The basic properties of et{X, Y) are summarized in the next proposition. 
Proposition 3.12 (1) 

et{X,Y) = sup 



S(v\uJx) + Y- I i.(*x(-s))ds 
Jo 



(2) The function M" 9 K i— > ei(X, y) w convex and real analytic. 

(3) e_t(X,r) = et(X,X-n 
(4) 



'0 Jo ^ 



(3.19) 



a;x('i>l'L, ^) ) ds2dsi. (3.20) 



^'xls.))^x{^Xi-s.) 

(5) //(Ox, 4, wx)xeR" « TRI, then e_t(X, F) = et(X, F) W 

et(X,y) =et(X,X-y). (3.21) 
We shall refer to Relation (3.21) as the finite time Generalized Evans-Searles (GES) symmetry. Notice that 

et[X,aX) = logtr(e'°g"^+°^"x*i-x) = eoo,t(a), 
which shows that the ES-symmetry of eoo.t(a) = eoo.t(l — a) is a special case of the GES-symmetry. 
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Proof. (1) follows from Theorem 2.15. (2) Convexity follows from (1) and analyticity is obvious. (3) is a 
consequence of the following elementary calculation: 

\ogujx + {X ~Y) ■ I *x(_3)ds = loga;x+Cxt|cux - / *jf(-s)ds 
JO Ja 

Jo 



To prove (4) invoke Duhamel formula to differentiate (3.18) (see the proof of Assertion (5) of Proposition 
3.3). (5) foUows from (2) and Assumption (3.17) which implies that Qxi^xi-s)) = —^Xs, so that 

Qx (logujx + ^ ■ y *x(-s)ds^ ^logujx - Y ■ J ^xsds 

= logujx+Y- *x(_s)ds. 

"'0 

□ 



3.10 Finite time linear response theory 

Finite time linear response theory is concerned with the first order perturbation theory (w.rt. X) of the 
expectation values 



1 /•* 

(*x>i ^ - ujx{^Xs)ds. 
^ Jo 



In the discussion of linear response theory we shall always assume that functions 

X Hx , X ujx, X 1-^ 4>x , 

are continuously differentiable. This implies that the function X i— > (4>x)t is continuously differentiable 
for all t. 

The finite time kinetic transport coefficients are defined by 

Ljkt = 9xA^x')t\x=o- 

Since 

{^x)t ^J2^i('^x)t + ^ 0, (3.22) 

3 j,k 

the real quadratic form determined by the finite time Onsager matrix [Lj^t] is positive definite. This fact 
does not depend on the TRI assumption and does not imply that Ljkt = ifcjt- We shall call the relations 

Ljkt = Lkjt, 

the finite time Onsager reciprocity relations (ORR). As a general structural relations, they can hold only 
for TRI systems. 

Another direct consequence of (3.22) is: 



87 



Jaksic, Ogata, Pautrat, Pillet 



Proposition 3.13 Let be two flux relations. Then the corresponding finite time transport coeffi- 

cients satisfy ^ ^ 

Ljkt + Lkjt = Ljkt + ifcjt. 

If the finite time ORR hold, then Ljkt — Ljkt- 

The next proposition shows that the finite time ORR and Green-Kubo formula follow from the finite 
time GES symmetry. Recall our notational convention t^^-^q = r*, ujx=q — 'i'xLo ~ ^^^\ etc. 

Proposition 3.14 //■(Ox, tJ^, a;jc)xGR" isTRl then 
(1) 

(2) Ljkt = Lkjt- 
Proof. By Relation (3. 19) and the TRI property one has 

{^^i\^'dy^]etiX,Y)\^^^, 

so that 

1 



Ljkt - -dxkdYj-etiX,Y)\^^y^^. 



The GES-symmetry implies that 



-dx,dY,^etiX,Y)\^^y^^ = ^dY,Y,et{0,Y)\y^^, 
(recall the derivation of (1.37)). Since a;(*) = and co is r* invariant, Relation (3.20) yields 

A simple change of integration variable leads to (1). (2) follows from the equality of the mixed partial 
derivatives dy^: 9y, (0, F ) = ct (0, y ) . □ 
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Open quantum systems 



4.1 Coupling to reservoirs 

Let TZj, j = 1, ■ ■ ■ ,n, be finite quantum systems with Hilbert spaces JCj. Each TZj is described by a 
quantum dynamical system {Oj,Tj,ujj). Besides the Hamihonian Hj which generates r,, we assume the 
existence of a "conserved charge" Nj, a self-adjoint element of Oj such that [Hj, Nj] = 0. It follows that 
Nj is invariant under the dynamics r* and that the gauge group = e'*^^ Ae~'*^J commutes with r*. 

We suppose that TZj is in thermal equilibrium at inverse temperature f3j and chemical potential /ij, i.e., that 



The modular group of this state is given by 

Thus, denoting by dj — i[Hj, ■ ] the generator of rj and by ^j = i[Nj, ■ ] the generator of i^*, one has 

Note that in cases where there is no conserved charge, one may simply set Nj = 1^^ so that the gauge 
group becomes trivial, = 0, and the states ujj independent of the chemical potential Hj. In such cases, 
one can simply set fj,j — 0. 

The joint system TZ = TZi + • • • + TZn is described by 

n 

(07^,4,a;7^) = (g)(0„r],^,). 

The generators of the dynamics r^, the gauge group = ^jLi^J and the modular group <;^^ — ®"^i<7^^ 
are given by 

n n 

n n 



(Jo;^ = E^"J ^ ipOgWK, •], logWK = -^Pj{Hj - fijNj), 

with the notational convention of Section 3.7. 
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Let 5 be a finite quantum system described by {Og, t^,ujs), the dynamics Tj being generated by the 
Hamiltonian Hg. We assume the existence of a conserved charge such that i[Hs,Ns] — and denote 
lig the corresponding gauge group on Og- 

A gauge invariant coupHng of S to the system of reservoirs 7?. is a collection of self-adjoint elements 
Vj e Os <E) Oj such that [Nj + iVg, V,] = 0. Denoting V = J^j ^j^ the Hamiltonian 

Hv=Hn + Hs + V, 

generates a perturbation Ty of the dynamics r* = on O = Os ® Ck- Moreover, Ty preserves the 
total charge N = N-ji + and hence commutes with the gauge group = t?^ (g) . 

The quantum dynamical system (O, , w), where uj = w^^w^, is called open quantum system. Open 
quantum systems are examples of compound systems considered in Sections 3.7-3.8. 

The definition of open quantum system requires some minor modifications if the particle statistics 
(bosons/fermions) is taken into account. These modifications are straightforward (see Section 6.6 for an 
example) and for simplicity of exposition we shall not discuss them in abstract form. 

The enti'opy production observable of (O, Ty , is 



Since 



where Q = — log cj^, we have 



where 

Observing that 
we derive 



-J2l3^(<p^-f,^J^)+as, (4.1) 



= Sj{V), J, = i,{y), as = i[Hv, Q]. 

= -i[Hv , H,] , = -i[Hv , N,] , (4.2) 



Jo JO 



(4.3) 



The observables $j and J'j describe the energy and charge fluxes out of the j-th reservoir TZj. The observ- 
able — IJ-jJj) describes entropy flux out of TZj. 

The entropy balance equation (more precisely Inequality (3.4)) impUes 

Pt{Q) - p{Q) >J2^i f P-^'^i - ^J'^^Od^ 

J (4.4) 

= J2 ft- MHj) - Pt{Hj)) - pMNj) - Pt{Nj})] , 
j 

for any state p on O. We note in particular that if p is a steady state for the dynamics Ty then both sides of 
this inequality vanish as long as the joint system remains finite. However, if the reservoirs become infinitely 
extended while the system S remains confined then the observable Q remains well defined while Hj and 
Nj loose their meaning. A very important feature of the proper mathematical formulation of (4.4) in the 
thermodynamic limit is that the left hand side still vanishes while the right hand side is typically non-zero. 
Note also that 

^ ^-ie-Q-t-i:jft[(ffj-M,^,)+/o(*j(-.)-MjJ,(-.))ds]^ (4^3-) 

where 

The density matrix u!t expressed in the form (4.5) is known as McLennan-Zubarev dynamical ensemble. 
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4.2 Full counting statistics 

We continue with the framework of the previous subsection and adapt our discussion of full counting 
statistics from Section 3.8 to the open quantum system {0,Ty,Ld). We note that the reference state uj 
factorizes into a product of commuting self-adjoint operators 

Defining, according to Exercise 3.10, 

for a = (70, 7, 7') e K X M" x M" we have, 

where Pt((7, £, f) is the joint probability distribution for the mean rates of change of the commuting set of 
observables 

S = (Q,/3ii?i, . . . ,^„-ff„, -PiinNi, . . .,-l3nfi^N^), 

between two successive joint measurements at time and t. The sum in (4.6) extends over all {q, e, v) G 
(sp(S) — sp(S))/t. As shown in Section 3.8, the distribution Pj coincide with the joint spectral measure 
of a family of commuting relative modular operators. 

Expectation and covariance of (e, u) w.r.t. Pf are given by 



Et(e,) = -^^*c.,($,)ds, 



(4.7) 



and. 



EtiejEk) - Et{ej)Et{sk) = ^ / / ^ " c^($,,))($fc„ - dsdu, 



"'0 



^0 



/o Jo 

In terms of Liouvillean, the moment generating function (4.6) reads 

tr(u;,i-°a;«) = (C.|e"''iC-), (4.9) 

with (as derived in Exercise 3.8) 

Lj_=Kn + L{V) - (4.10) 
where Kq denotes the standard Liouvillean of the decoupled dynamics r*. 
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and 

If (O, Ty, to) is TRI, then the fluctuation relation 

Pt(-g, ^ ^_t(,+i.e+l.^) 

holds. 

4.3 Linear response theory 

We continue our discussion of open quantum systems. We now adopt the point of view of Section 3.9 
and describe finite time linear response theory. Let /3oq and /icq be given equilibrium values of the inverse 
temperature and chemical potential. The thermodynamical forces X — {Xi, ■ ■ ■ , X2n) are 

— Pcq ~ ^n+j = ^/3cqMcq + P'jl^jj (j = I7 • • ■ i 

The reference state of the system is taken to be 

where N ^Nn + Ns and Zx = tr(e"^'"'(-^^"^"''^^+^?=i(^^-^^+^"+^'^^^). Clearly, 

is the thermal equilibrium state of (O, Ty) at inverse temperature /3cq and chemical potential /^oq. Hence, 
we shall use the notation = Wcq- The dynamical system (O, Ty, lux) fits into the framework of Section 
3.9 (with rjf = Ty independent of X). 

Note that the family of states ljx is distinct from the one used in the previous section: it contains 
the coupling V. In particular, ux is not a product state. This is however in complete parallel with our 
discussion of linear response theory in classical harmonic chain. If the perturbation V remains local in the 
thermodynamic limit, the product state w and the state lux describe the same thermodynamics. We shall 
discuss this issue in more details in Section 5.9. 

The entropy production observable of the dynamical system (O, Ty,uJx) is 

n 

ax = i[\ogUx, Hy] = Yl + ^n+jJj, (4.11) 

3 = 1 

where the observables 

= -i[Hy , H,] , Jj = -i[Hy , N,] , 

describe the energy and charge flux out of the j-th reservoir Clearly, (4. 11) is a natural (and X -independent) 
flux relation. $j is the flux associated to the thermodynamical force f3cq — /3j and J'j is the flux associated 
to the thermodynamical force — /3cqMcq + ft ^j- 
The generalized entropic pressure is given by 

etiX,Y) logtr (e^°s'^x+J::;^^{Y, f^; ■s>^^_,■^ds+Y,,+t j,^_,-,ds)'^ ^ 

Recall that the equilibrium canonical correlation is 

(A|S),q= [\,^{A*T^'{B))As. 
Jo 

Proposition 3.14 implies the finite Green-Kubo formulas and finite time Onsager reciprocity relations for 
energy and charge fluxes. 
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Proposition 4.1 Suppose that (0,Ty,uJcq) is TRI with time reversal O satisfying Q{Vj) = Vj, 0{Hj) 
Hj and Q{Nj) = Nj for all j. Then 



jkt - 



JQ 



wx(J,-s)ds 



i^x{Jjs)ds 



x=o 



x=o 



x=o 



x=o 



(<I'fe|<I',.)eq 1 



2 J ^(Jfc|'i>js)cq (^1 

1 



1 f* 

2 



{Jk\Jjs)cq I 1 



ds, 



ds, 



ds, 



ds, 



(4.12) 



(the indices e/c stand for energy/charge) and 



^jkt — ^kjtJ 
r cc 7- cc 



T cc 7- CC 

^jkt — ^kjf 



The special structure of open quantum systems allows for a further insight into linear response theory. 
Consider the auxiliary Hamiltonian 

1 " 

Hx=Hv- Meq^ - -r- J2^XjHj + X„+,N,), 



and note that 



^x = 

^x 



where Zx = tr(e ^<=q^^ ). Hence, ujx is the /3eq-KMS state of the dynamics rj^- generated by the Hamil- 
tonian Hx- By Equ. (4.3) one has 



-^x 



where 



Pt = f^^ / *j(-s)ds + X„+, / ^,(_,)d. 

Pcq . \ Jo Jo 



We conclude that ujxt is the KMS state at inverse temperature /3cq of the perturbed dynamics generated by 
Hx+Pt- Moreover, the perturbation satisfies Pt ~ 0{X) as X 0. Applying the perturbation expansion 
(2.32) and the formula for the coefficient bi (A) derived in Exercise 2. 14, we obtain 



coxtiA) = LOxiA) - fi^qj^ ux (Pt{T^f-'^{A) - ux{A))) ds + 0{\X\^). 

Since lox = i^cq + 0{X) and Pt = 0{X), one has 

iox {PA^'^-'iA) - u:x{A))) = ..eq {PA^^^-'iA) - a.eq(A))) + 0{\X\^) 

= C^eq (PtTx^-'-'iA)) - C^cq(-Pt)^cq(^) + 0(1^1')- 
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From the fact that cocqi^ js) — ^cqi^j) — and ujcq{J^js) = ^cq{Jj) = we deduce ijJcq{Pt) = 0. Since 

and [Pt,N] = 0, we can further write, 

ujxtiA) = oJx{A) - /3eq / uj,q (P^T^^^-C^)) ds + 0{\X\^). (4.13) 



By Duhamel's formula one has 

g-(;9cq-s)(ffv-A«„qW) 

Jo C'^fe x=0 

from which one easily derives 

dxk^x{A)\x=o = 
Finally, (4.13) yields that for 1 < fc < n, 

dx,,UJx{At)\x=0 ^ {Hk\A~^ UJcq{A))cq+ [ ($fc|As)cqds, 

Jo 

dx„+,,ujx{At)\x=a ^ {Nk\A~ Lu^q{A))^q+ f {Jk\As)cqds. 



{Hk\A-uj,q{A)),q forl<fc<n, 
{Nk\A- uj^q{A))cq forn + l<fc<2n. 



(4.14) 



These linear response formulas hold without time reversal assumption and for any observable A E O. 
Under the assumptions of Proposition 4. 1 , ujx is TRI. If A = $j or A = J'j then lux (A) = 0. This implies 
dxk^x{A)\x=o — for k — 1, . . . , 2n, and (4.14) reduces to the Green-Kubo formulas (4.12). Using 
(4.14) it is easy to exhibit examples of open quantum systems for which finite time Onsager reciprocity 
relations fail in the absence of time reversal. 
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The thermodynamic Umit 
and the large time limit 

Apart from Section 5.1 and the first part of Section 5.6 which should be accessible to all readers, this 
section is intended for more advanced readers and may be skipped on first reading. 

We shall describe, typically without proofs, the thermodynamic limit procedure and how one extends 
the results of the last two sections to general quantum systems. We shall also discuss the large time limit 
for infinitely extended quantum system. 

5.1 Overview 

From a mathematical point of view, the dynamics of a finite quantum system (O, r*, w) and that of the 
finite classical harmonic chain of Chapter 1 are very similar: both are described by a linear quasi-periodic 
propagator. In particular, the limit 

lim uj{t'{A)), 

does not exist, except in trivial cases. However, the Cesaro limit 

..+ (^)= lim 1 f uj{T\A))dt, (5.1) 
exists for all yl e O and defines a steady state of the system. 

Exercise 5.1. 

1. Show that for a finite quantum system (O, t*, w) with Hamiltonian H, the limit (5.1) exists and that 
the limiting state a;+ is described by the density matrix 

PxiH)ujPx{H). 

xesp{H) 

2. For A e Oscif, set = A]. Show that 

uj+{<^>a) = 0, 

for any A. Conclude that, in particular, the mean entropy production rate vanishes, 

w+(cr) = lim uj{T.*) = 0. 

3. Show that the same conclusions hold if the system is infinite (i.e., the Hilbert space JC is infinite 
dimensional) but confined in the sense that its Hamiltonian H has purely discrete spectrum. 
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Thus, in order to obtain a thermodynamically non-trivial steady state - with non-vanishing currents and 
strictly positive entropy production rate - we need to perform a thermodynamic (TD) limit before taking 
the large time limit (5. 1). In other words, some parts of the system, e.g., the reservoirs of an open system, 
have to be infinitely extended. 

There are two difficulties associated with the TD limit: the first one is to describe the reference state 
of the extended system, the second one is to define its dynamics. These problems have been extensively 
studied in the 70' and have led to the algebraic approach to quantum statistical mechanics and quantum 
field theory. Algebraic quantum statistical mechanics provides a very attractive mathematical framework 
for the description of infinitely extended quantum systems. 

In algebraic quantum statistical mechanics an extended system is described by a triple (O, r*, w), where 
O is a C* -algebra with identity 1 (recall Exercise 2.1), w is a state (i.e., positive normalized linear func- 
tional on O) and r* is a C*-dynamics, that is, a norm continuous group of ^-automorphisms of O. The 
triple (C',T*,a;) is often called quantum dynamical system^. The observables are elements of O, uj de- 
scribes the initial thermodynamic al state of our system and the group r* describes its time evolution. The 
observables evolve in time as At = T*(y4) and the states as cjt = w o r*. 

Infinitely extended systems of physical interest arise as TD limit of finite dimensional systems. There 
is a number of different ways the TD limit can be realized in practice. In the next section we describe one 
of them that is suitable for spin systems and quasi-free or locally interacting fermionic systems. 



5.2 Thermodynamic limit: Setup 

One starts with a family {QmIa/gn of finite quantum systems described by a sequence of finite dimen- 
sional Hilbert spaces Km, algebras O^Af Hamiltonians Hm and faithful states liJm- <^m is the entropy 
production observable of Qm- In the presence of control parameters X £ M" {Hm.x and lom.x depend 
on X), ^M,x denotes a chosen flux relation. The number M typically corresponds to the "size" of Qm- 
For example, Qm could be a spin system or Fermi gas confined to a box [~M, M]"^ of the lattice Z"^.- The 
limiting infinitely extended system is described by a quantum dynamical system (O, r*, w) satisfying the 
following: 

(Al) For all M there is a faithful representation ttm '■ C'k;m ^ ^ such that 

tta/ICkm) C 7rM+i(0/CM+i)- 

(A2) 0\oc — Umt^m{Oicm) is dense in O. The elements of Oioc are sometimes called local observables 
of C 

(A3) For A e Oioc, limM^oo ^^m ° t^m^{A) = uj{A) and 

lim 7rMOTijonJ,j\A)=T\A), 

where the convergence is uniform for t in compact intervals of M. 

(A4) limM-+oo 7rM(o'Af) = c, exists in the norm of O. a is the entropy production observable of 

(0,T*,a;). 

(A5) In the presence of control parameters X, limjvz-i-oo t^m{^ m.x) = ^x exists in the norm of O. 
is a flux relation of {0,t^, lox), 

n 

ax=Y.^^^x- 

'Such quantum dynamical systems are suitable for the description of spin systems or fermionic systems. In the case of bosonic 
system, O is a Vy*-algebra, a; is a normal state, and t* is weakly continuous. We shall not discuss such systems in these lecture notes 
(see, e.g., [' ]). 

^For continuous models one may need to slightly modify this setup. For example, in the case of a free Fermi gas on R, M = 
{L,£), where L is the spatial cut-off, £ is the energy cut-off, and Af — > oo stands for the ordered limit limi_>cx> lini£— »oo. see 
Exercise 6.4. The extension of our axiomatic scheme to this more general setup is straightforward. 
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(A6) For p e [1, oo] and a, t e M the limit 

et,p(a) = lim eA/,t,p(a), 
exists and is finite. In the presence of control parameters, the limit 

et{X,Y)= lim cmA^.Y), 
exists and is finitefor alH e M and X,Y eR"-. 

The verification of (A1)-(A5) in the context of spin systems and Fermi gases is discussed in virtually 
any mathematically oriented monograph on statistical mechanics (see, e.g., [^. .^]). For such systems, the 
proof of (A6) is typically an easy exercise in the techniques developed in 70's (see Exercise 6.9 below). In 
some models et^p{a) /et{X, Y) maybe defined/finite only for a restricted range of the parameter q;/(X, Y) 
and in this case the fluctuation theorems need to be suitable modified (this was the case in our introductory 
example of a thermally driven harmonic chain!). 

In what follows we assume that (A1)-(A6) hold. For reasons of space and notational simplicity we shall 
assume from the onset that all quantum systems Qm are TRI. Also, we shall discuss only the TD/large time 
limit of the functionals eM,2,t(a) and eM,t{X, Y). 



5.3 Thermodynamic limit: Full counting statistics 

The reader should recall the notation and results of Section 3.5 where we introduced full counting statistics. 
We have 

eM,2,t(«) = eM,2,t(l - a) = log / e-*""*dPM,t(0), 



where Pm,* is the probability distribution of the mean rate of entropy change associated to the repeated 
measurement process described in Section 3.5. 
By (A6), 

e2,t(a) = lim eA/.2,i(a), 

A/— ^oo 

exists for all t and a. The implications are: 

Proposition 5.1 (1) The sequence of Borel probability measures {Pa/.*} converges weakly to a Borel 
probability measure Pi, i.e., for any bounded continuous function / : M — > M, 



lim / fdVM,t = / /dPf 

J\/-i-oo 

(2) For all a G M, 

e2,t(a) = log / e-*"*dPt(0). 

(3) 62,4 (a) is real-analytic and 

e2,t(a) = e2,f(l - a). (5.2) 

(4) All the cumulants ofVM,t converge to corresponding cumulants of ft. In particular. 



dae2,t{Q)\a=Q = uj{as)ds < 0. 



(5) Let V : R R be the reflection x((j)) = —(f> and Pt = Pi o r the reflected measure. The measures Pf 
and Pi are equivalent and 



dPi(0) 



e-"P. (5.3) 
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The Hmiting probabiHty measure Pj is called full counting statistics of the infinitely extended system 
(O, T*, w). Relations (5.2) and (5.3) are finite time Evans-Searles symmetries. 

Recall that Pj\/,t is related to the modular structure of Qm- Pm,* — Qm, where Q\j is the spectral 
measure for 

— - log A^jj.^j|i^j^ , 

and the vector £^uim ■ ^^^^ go^l is to relate Pf to the modular structure of the infinitely extended systems 
(O, T*, w). We start with a brief description of this structure assuming that the reader is familiar with the 
topic. 

(1) Let {'Huij'n'ujjS.Lj) be the GNS-representation of O associated to cj. DJlu: = t^lu{0)" denotes the en- 
veloping von Neumann algebra. A vector ^ e Hu is called cyclic if 'OJlui^ is dense in Hui and separating if 

— for A e implies A = 0. is automatically cyclic. The state uj is called modular if is also 
separating. We assume uj to be modular. 

(2) The anti-Unear operator S^j '■ A£^i^ i— > A*^^ with domain Vyi^j^u; is closable. We denote by the same 

1 /2 

letter its closure. Let Suj = JAJ be the polar decomposition of 5*^. J is the modular conjugation, 
an anti-unitary involution on "H^, and A^^ is the modular operator of co. A„ has a trivial kernel and 
<;Ij{A) = AJjAA"'* is a group of ^-automorphism of 97lcj, the modular group of lu. 

(3) The set 7i+ — {AJA^^ \ A e 931^}'^' (cl denotes the closure in H^) is the natural cone. It is a self-dual 
cone in H^j- A state on O is called normal (or, more precisely, oj-normal) if there exists a density matrix 
p on Tioj such that = ti{pTT^{A)). J\f^ denotes the collection of all w-normal states. JVu: is a norm 
closed subset of the dual O* . Any state i' E JVui has a unique vector representative ^i, G H+ such that 
i^iA) = {£_^\tt^{A)£^^). is cyclic iff it is separating, i.e., iff ly is modular 

(4) Let v G Afuj be a modular state. The anti-linear operator S,^\i^ : A£^^ i-^ A*^^ is closable on OT^j^i^ and 

we denote by the same letter its closure. This operator has the polar decomposition S^^^^ = JA^j^, where 
J is the modular conjugation introduced in (2) and Aj^|^ > is the relative modular operator of ly w.rt. a;. 

(5) The Renyi relative entropy of order a G M of a state ly w.r.t. u is defined by 



Sa{l^\u}) = 

Its relative entropy w.r.t. cj is defined by 

S{iy\oj) = 



— oo otherwise. 



(e.|logA,|„^,) ifz/GAC., 
— oo otherwise. 



To link the modular structure of the finite quantum systems Qm to that of (O, r*, uj), in addition to 
(A1)-(A6) we assume: 

(A7) Let (,1;^ be the modular group of ujm- Then for all A G Oioc, 

lim TT^ o ttm o o 7r^/(A) = o 7r^(A), 

M — ^oo 

and the convergence is uniform for t in compact intervals of M. 

Again, the verification of (A7) for spin/fermionic systems is typically an easy exercise. Given (Al)- 
(A7), we have: 



Proposition 5.2 (1) Let Q* be the spectral measure for — j log Ai^^ |^ and ^^j. Then Q 
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(2) linuf^oo Sa{uJM,t\i^M) = SaiuJtli^) and liniA/^oo S{ujM.t\oJM) = S{uJt\uj). In particular, 

S{uJt\uj) = LLl{<Ts)ds. 

Jo 

The proof of the last proposition is somewhat technical and can be found in [ 'OPP]. 

Finally, we link 62.4 (a) and the full counting statistics Pt to quantum transfer operators. To avoid 
introduction of the full machinery of the Araki-Masuda i^-spaces we shall focus here on the special case 
described in Exercise 3.8 (this special case covers open quantum systems). Suppose that the finite quantum 
systems Qm have the following additional structure: 

(A8) Hm = Hm,o + Vm, where [Fa/^o, '^a/] = and 

lim ttmCVm) = V, 

M—>-oo 

in the norm of O. Moreover, for any a > 0, 

sup |IC,(14^)|| <oo. (5.4) 

\a\<a,AI 



(A8) is essentially an assumption on the structure of the model and is easily verifiable in practice. 
(A3), (AS) and perturbation theory imply that the dynamics t^j q generated by Hm.o converges to the 
C*-dynamics Tq, i.e., that for A E O\oc and uniformly for t in compact intervals, 

lim TTM O tIj o ° T^Aii^) = To(^)- 
Af — >-oo 

Clearly, tu o Tq — uj. The assumption (5.4) and Vitali's theorem ensure that the map 
has an analytic continuation to the entire complex plane and that for z e C, 

lim 7r„ O TTM o Cm i^M ) = o 71"^ ( V^) • 

Let Kq be the standard Liouvillean of (C, tq, uj). Kq is the unique self-adjoint operator on l-Luj satisfying 
for alH e M and A e O. For a e M we set 

Li is a closed operator with the same domain as Kq. Except in trivial cases, Li is not self-adjoint unless 
a = 1/2. L2 = K is the standard Liouvillean of (O, r*, w), i.e., the unique self-adjoint operator on H^j 
such that 

7TUr\A)) - e"^(A)e-"^, e"^H+ = H+, 

for alH G M and AeO. 

The following result, which is of considerable conceptual and computational importance, is the exten- 
sion of Exercise 3.8 to the setting of infinitely extended systems. 

Proposition 5.3 For all t and a. 



The extension of the results of this section to the multi-parameter/open quantum system full counting 
statistics is straightforward. 
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5.4 Thermodynamic limit: Control parameters 

By (A6), the limit 

et{XX)= lim eM.t{X,Y), 
exists for all t and X,Y £ K". The basic properties of et{X, Y) are summarized in: 

Proposition 5.4 (1) 



et{X,Y) = sup 



S{v\wx)+Y- / v{^xs)As 







(2) The function M" 3 y i— > e((X, Y) is convex and real analytic. 

(3) etiX,Y)^etiX,X-Y). 
(4) 

Jo 

These results are the extension of Proposition 3.12 to the setting of infinitely extended systems. The only 
difference is that, for simplicity of the exposition, we have exploited the time reversal in the formulation of 
the results. 

The proof of Proposition 5.4 can be found in [JOPP] and we restrict ourselves to several comments. 
Part (3), the generalized finite time Evans-Searles symmetry, is of course an immediate consequences of 
the same property of the functionals eM.t{X, Y). The convexity of F i— > et{X, Y) follows in the same 
way (note that convexity also follows from (1)). The most natural way to prove the remaining parts is to 
use Araki's perturbation theory of the KMS/modular structure (this theory is, in part, an extension of the 
results of Section 2. 10 to general von Neumann algebras). The Kubo-Mari inner product ('I'xsi l*^Xs2''"x 
in Part (4) is formally similar to its finite-dimensional counterpart. It is a part of the modular structure 
that for all A,Bg 9Jli^^ , the function t M- \^*^Lx ) has an analytic continuation to the strip 

— 1 < Im z < which is bounded on continuous on its closure. Then 

Jo 

The finite time linear response theory for family of infinitely extended systems (O, rj^^, wjc ) can be 
developed along two complementary routes. We shall use the same notational conventions as in Section 
3.10: Wo = w. To = r, $o = Since 

If* 1 
(*x)t = - / ujx{^xs)ds = -VYet{X,Y)\Y=o, 
t Jo t 

we have the following: 



Proposition 5.5 Suppose that the map (X, Y) i— > et{X, Y) is in an open set containing (0, 0). Then 
the finite time kinetic transport coefficients 

L,kt = dx,{<^%^)t\x=o = dx,dYM^'Y)x=Y=o, 

satisfy : 
(1) 
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(2) Ljkt = Lkjt and the quadratic form determined by [Lj^t] is positive definite. 

Given Proposition 5.4, the proof of Proposition 5.5 is exactly the same as the proof of its finite dimensional 
counterpart (Proposition 3.14 in Section 3.10). 

A complementary route is based on the thermodynamical limit of the finite time finite volume linear 
response theory. This route is both technically and conceptually less satisfactory and we shall not discuss 
it here. 

5.5 Large time limit: Full counting statistics 

To describe fluctuations of Pf as t — > oo we need to assume: 
(A9) TheUmit 

e2,+ (Q!) = lim -e2,t(a), 

t— ^oo t 

exists for a in some open interval X containing [0, 1]. Moreover, the limiting entropic functional 
62,+ (a) is differentiable on I. 

The verification of (A9) (and (AlO) below) is the central step of the program. Unlike (A1)-(A8), which 
are typically easily verifiable structural/thermodynamical limit properties of a given model, the verification 
of (A9) is usually a difficult analytical problem. 

The quantum Evans-Searles fluctuation theorem for the full counting statistics follows from (A9) and 
the Gartner-Ellis theorem. We describe its conclusions. Without loss of generality we may assume that X 
is centered at a = 1/2 (recall that we assume the system to be TRI). 

Proposition 5.6 (1) e2,+ {oi) is convex on T, the Evans-Searles symmetry 

e2,+ {a) = 62, + (1 - a), 

holds, and 

1 1 /■* 

^2 +(0) — ^ lim Et((/)) — — lim -S{ijJt\L^) — — lim - / a;(iTs)ds. 

' >-oo i— >oo t >oo t jQ 

The non-negative number (<t)+ = —63 +(0) is called the entropy production of {O ,uj). Notice 
that ((t)+ = iff the function e2.+(a) = 0/or a £ [0, 1]. 

(2) Let 

= sup 62,+ (a) = - inf e2,+ (a). 

The function 

I{s) = - inf {as + e2.+{a)) , 

is non-negative, convex and differentiable on ] — 0,0[. ' /(s) — iff s = —((7)+ and the Evans- 
Searles symmetry implies 

I{-s) = s + I(s). 

The last relation is sometimes called the Evans-Searles symmetry for the rate function. 

(3) For any open set J c] — 0, 0[, 

lim -logPf(J) = - inf /(s). 

t— i-oo t s£j 
'if 9 < 00, then I(s) is linear on ] — 00, —9] and [9, oo[. 
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The interpretation of the quantum ES theorem for the full counting statistics is similar to the classical case. 
The full counting statistics concerns the operationally defined "mean entropy flow" across the system. Its 
expectation value converges, as < — > oo, to the entropy production ((t)_|_ of the model. Its fluctuations 
of order 1 are described by the theory of large deviations. The specific aspect of the ES theorem is that 
the time reversal invariance implies the universal symmetry of the rate function which in turn implies that 
the "mean entropy flow" is exponentially more likely to be positive then negative, i.e., the probability of 
violating the second law of thermodynamics is exceedingly small for large t. 

We now describe schematically how Proposition 5.3 can be used to verify the key Assumption (A9). 

(i) In typical situations where spectral techniques are applicable the standard Liouvillean Kq has purely 
absolutely continuous spectrum filling the real line except for finitely many embedded eigenvalues of 
finite multiplicity. This is precisely what happens in the study of open quantum systems describing a 
finite quantum system S coupled to an infinitely extended reservoir TZ. Typically, TZ will consists of 
several independent sub-reservoirs TZj which are in thermal equilibrium at inverse temperatures f3j 
and chemical potentials /Xj, but we do not need at this point to specify further the structure of TZ. The 
reservoir system is described by C* -dynamical system (O^, x^, cjk) where uj-jz is stationary for the 
dynamics and assumed to be modular. Let {'Hti,t^tz,£,ti) be the corresponding GNS represen- 
tation and let K-ji be the corresponding standard Liouvillean. Since wn is steady, K-i^^n — 0. We 
assume that apart from a simple eigenvalue at 0, K-j^ has purely absolutely continuous spectrum fill- 
ing the entire real line. This assumption ensures that TZ has strong ergodic properties and in particular 
that (Ok, t^, i^k) is mixing, i.e., that 

lim un{AT!,^{B))=ujn{A)uJn{B), 

for A,Bg O-ji- In the simplest nontrivial case, 5 is a 2-level system, described by the Hilbert space 
and the Hamiltonian a^'^'^ (the third Pauli matrix). Then the standard Liouvillean of the joint but 
decoupled system S -\-TZ acts on the Hilbert space Ti = €? ®€? ® Tin and has the form 

Ko = (cr^^^ (8) 1 - 1 (g) cr^^)) (8) 1 + 1 (g) Kn- 

This will be precisely the case in the Spin-Fermion model which we will discuss in Section 6.5. For 
simplicity of exposition, we assume in the following that the point spectrum of A'o is {—2,0,2}, 
where the eigenvalues ±2 are simple and is doubly degenerate. The rest of the spectrum of Kq is 
purely absolutely continuous and fills the real line, see Fig. 5.1. 













-2 





+2 













Figure 5.1: The point spectrum of the uncoupled standard Liouvillean Kq. The spectrum of the transfer 
operator Li is contained in the grey strip. 



(ii) An application of the numerical range theorem yields that the spectrum of Li is contained in the strip 

{z I |Imz| < Ma}, where 

M„ = |k5"-^\7r^(y))|| + |K^(y)||. 
Thus, the resolvent (z — Li is an analytic function of z on the half-plane Im z > M^. 
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(iii) By using complex deformation techniques one proves that for some /i > and all vectors ^, in 
some dense subspace of H the functions 

have a meromorphic continuation from the half-plane Imz > A/q, to the half-plane Imz > — /i. 
This extension has four simple poles located at the points e±{a), e{a), ei{a), where e{a) is the pole 
closest to the real axis, see Fig. 5.2. For symmetry reasons e{a) is purely imaginary. These poles 
are resonances of Li, or in other words, eigenvalues of a complex deformation of Li. They can 
be computed by an application of analytic perturbation theory. For this purpose it is convenient to 
introduce a control parameter A G M and replace the interaction term V with A^. The parameter A 
controls the strength of the coupling and analytic perturbation theory applies for small values of A. 
One proves that given ao > 1/2 one can find A > such that for |a — < oq and |A| < A, /i can 
be chosen independently of a and A and that the poles are analytic functions of a. In particular, for a 
small enough, 

oo 

e(a)=i^L;„(A)a", 

Tl=l 

where each coefficient En{X) is real-analytic function of A. 
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Figure 5.2: The resonances of the transfer operator Li_. 



(iv) One now starts with the expression 

K„|e-«'i£„,./ ^"■iUi^-L.r'ul^. ,5.5, 

where a > Ma. Moving the line of integration to Re z = — /i', where fi' e]0, /i[ is such that the poles 
of the integrand are contained in {z \ Imz > — /i'} for |A| < A and ja — || < ao, and picking the 
contribution from theses poles one derives 

(C,.|e"'*''if.) =e-"^(")(l + i?(i,a)), (5.6) 
where R{t, a) decays exponentially in t as i ^ cx). It then follows that 

e2,+ (a) = lim 762,4(0;) = -ie{a). 

t— >-oo t 

A proper mathematical justification of (5.5) and (5.6) is typically the technically most demanding part 
of the argument. 



(v) Recall that 



dae2.+ {a)\a=o ^ Ei = -(cr)+ = - lim Et{(j)). 

f 00 



Given (iv), an application of Vitali's theorem yields 

= lim i(Et(02) - (Et(</)))2). 
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(vi) The arguments/estimates in (iv) extend to complex a's satisfying jo; — ^| < ao and one shows that 
for a real, 

lim / e-'"^('^-<'">+MPt(0) = lim e'°^<'">+(e<^|e"'*^^^ec.) =e-^^"'. 
Hence, the central limit theorem holds for the full counting statistics p£, that is, for any interval [a, b], 

lim Pt + -^[a,b]) = ^ / e'^^dx. 

V VtE2 J V27r J a 



The above spectral scheme is technically delicate and its implementation requires a number of regularity 
assumptions on the structure of reservoirs and the interaction V. On the positive side, when applicable 
the spectral scheme provides a wealth of information and a very satisfactory conceptual picture. In the 
classical case, the quantum transfer operators reduce to Ruelle-Perron-Frobenius operators and the above 
spectral scheme is a well-known chapter in the theory of classical dynamical systems, see Section 5.4 in 
[JPR] and [Ba]. 

5.6 Hypothesis testing of the arrow of time 

Theorem 2.19 clearly links the p — 2 entropic functional to quantum hypothesis testing. This link, some- 
what surprisingly, can be interpreted as quantum hypothesis testing of the second law of thermodynamics 
and arrow of time: how well can we distinguish the state ojt = w o r*, from the same initial state evolved 
backward in time ^ u o ? More precisely, we shall investigate the asymptotic behavior of the 
minimal error probability for the hypothesis testing associated to the pair w^) as i — > oo. 

We start with the family of pairs {{ujM.-t,^M,t) | i > 0}. Again, the thermodynamic limit M oo 
has to be taken prior to the limit t ^ oo. 

Given their a priori probabilities, I — p and p, the minimal error probability in distinguishing the states 
and uJM,t/2 is given by Theorem 2.19, 

DM,p{t) = ^ (1 -tr|(l -p)^M-t/2 -P^M.t/2\) ■ 



We set 



D Jt) = liminf Dm, pit), Dp{t) = Wmsnp Dm, pit), 

M^oo A/->oo 



and define the Chemoff error exponents by 



1 



d = lim inf - log D it), dp = lim sup - log Dpit). 



Theorem 5.7 For any p e]0, 1 [ 



d=dp= inf 62,+ (a). 
Qe[o,ij 



Moreover, since the system is TRI the infimum is achieved at a — I /2. 
Proof. We first notice that 

Dm, pit) = ^ (1 - tr|(l -p)ujM,o -p^M,t\) ■ 
Theorem 2.19 (3) and the existence of the limiting functional 62, t (a) (for M — > 00) yield the inequality 

logDpit) < e2,2t(a) + (1 - a) log(l - p) + alogp, 
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for all a e [0, 1]. Dividing by t and letting t ^ oo we obtain the upper bound 

dr, < inf 62 +(q;). 

ae[o,i] 

For finite M, a lower bound is provided by Proposition 2.26, 

DM,p{t) > ^ mm{p, 1 - p) PA./.t(]0, oo[), 

where PM,t is the full counting statistics of Qm- As we have already discussed, the convergence of 
eM,2,t(a) to 62,4 (a) as M — > cx) implies that ¥M,t converges weakly to the full counting statistics Pt 
of the extended system. The Portmanteau theorem ([Bil], Theorem 2.1) implies 

liminfPM,t(]0,c5o[) >Pt(]0,oo[), 

M->-oo 

and hence 

Dpit) > imin(p,l-p)Pt(]0,oo[) > ^ min(p, 1 - p) Pt(]0, 1[). 

Assumption (A9) and the Gartner-Ellis theorem (or more specifically Proposition A.4 in Appendix A. 2) 
imply 

liminf ilogPt(]0,l[) > -(^(0), 

t^oo t 

where 

ip{s) = sup(sa — 62,+ (a)). 

Since 

(p(0) = - inf e2,+ (a) = - inf 62,+ (a), 

qGR ae[0,l] 

(recall that, by Proposition 3.3, 62,+ (a) < for a G [0, 1] and 62,+ (a) > otherwise) we have 
d > liminf J (-log2 + min(logp,log(l -p)) +log(Pt(]0,l[))) > inf e2,+ (a). 

The convexity and the symmetry 62.+ (1 — a) = 62,+ (a) imply that the infimum is achieved at a = 1/2. 

□ 

Note that the above result and its proof link the fluctuations of the full counting statistics Pt as t 
00 to Chernoff error exponents in quantum hypothesis testing of the arrow of time. The TD limit plays 
an important role in the discussion of full counting statistics since its physical interpretation in terms of 
repeated quantum measurement is possible only for finite quantum systems. However, apart from the 
above mentioned connection with full counting statistics, quantum hypothesis testing can be formulated 
in the framework of extended quantum systems without reference to the TD limit. In fact, by considering 
directly an infinitely extended system, one can considerably refine the quantum hypothesis testing of the 
arrow of time. In the remaining part of this section we indicate how this can be done, referring the reader 
to [JOPS] for proofs and additional information. 

(i) We start with an infinitely extended system Q described by the C* -dynamical system (O, r*, w). The 
GNS-representation of O associated to the state uj is denoted ('Hcj, tt^, ^tj), and the enveloping von 
Neumann algebra is ^Sl^ — ^^{O)" . We assume that w is modular. The group ir^ o r* extends to a 
weakly continuous group of ^-automorphisms of OTt^. With a slight abuse of notation we denote 
the vector state (^;^| • on ^Slu, again by uj. The triple (971^^, t^^, is the iy*-quantum dynamical 
system induced by (O, t*, w). We denote ut ^ o r^. The quantum hypothesis testing of the arrow 
of time concerns the family of pairs {{oj^t,ujt) \ t > 0}. 

(ii) Consider the foUowing competing hypothesis: 
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Hypothesis I : Q is in the state lOtj^', 

Hypothesis II : Q is in the state uj_i/2\ 

We know a priori that Hypothesis I is realized with probability p and II with probability 1 — p. A test 
is a self-adjoint projection P E DJli^ and a result of a measurement of the corresponding observable 
is a number in sp(P) = {0, 1}. If the outcome is 1, one accepts I, otherwise one accepts II. The error 
probability of the test P is 

and 

Dp{uJt/2,^-t/2) = inf £'p(wt/2,W_t/2,-P), 
is the minimal error probability. 

(iii) The quantum Neyman-Pearson lemma holds: 

-Dp(a;t/2,w_(/2) = Dp{ujt/2,uj_t/2,Popt) ^ ^(1 - ||(1 -p)a;_t/2 -P^t/2\\) 

= ^(1- 11(1 -pV -mil), 

where Popt is the support projection of the linear functional {{l—p)uj_t/2—piOt/2)+ (the positive part 
of (1 — p)uJ-t/2 — P^t/2)- Just like in the classical case, the proof of the quantum Neyman-Pearson 
lemma is straightforward. 

(iv) Let /icjtiw be the spectral measure for A^^i^^ and ^^j. Then 

^min(p,l-p)M^,|-([l,°«[) <^p(wt/2,'^-t/2) <P"(l-p)'""(C-|A2,|^e^). 

The proof of the lower bound in exactly the same as in finite case (recall Proposition 2.26). The 
proof of the upper bound is based on an extension of Ozawa's argument (see the proof of Part (3) of 
Theorem 2.19) to the modular setting and is more subtle, see [Og]. 

(v) Assuming (A9), i.e., that 

e2,+ (a)- lim ^ log(C^|A2^|„CJ, 

exist and is differentiable for a is some interval containing [0, 1], then a straightforward application 
of the Gartner-Ellis theorem yields 

Mm \\ogDp{LOt,i^-t) ^ inf e2,+ (a). (5.7) 
t-i-oo t Qe[o,i] 

Results of this type are often called quantum Chernoff bounds. Our TRI assumption implies that the 
infimum is achieved for a = 1/2. 

The Chernoff bound (5.7) quantifies the separation between the past and the future as time t '\ oo. 
Taking p = \/2 and noticing that 

i(2 - \\0Jt/2 - W-t/2ll) = CJt/2(s_(t/2)) + iO_t/2{s+{t/2)), 

where s±{t) is the support projection of the positive linear functional (wt — w-t)± on OTtj, we see 
that the Chernoff bound implies 

lim sup - loga;t(s_ (i)) < 2 inf e2+(s), 
t-i-oo t se[o,i] ' 

limsup 7 logw_t(s+(t)) < 2 inf e2.+ (s). 
t-foo t se[o,i] 

Therefore, as i t oo, the state LOt concentrates exponentially fast on s+(i)9Jti^ while the state a;_f 
concentrates exponentially fast on s_ (t)9Jl^. 
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(vi) In the infinite dimensional setting one can introduce other error exponents. For ?■ e M the Hoeffding 
exponents are defined by 

B[r) ^ inf jlimsup y loga;t/2(l - P*) limsup ^ log a;_t/2(Pt) < - 

{Pt} y t—yoo t t—>-oo t 

B{r)= inf | liminf 7 log a;t/2(l - Pt) limsup 7 loga;_t /2(Pf) < I 

{Pt} L t t~^oo t J 



B{r) = inf I lim ] log 0^4/2(1 - Pt) 

{Pt} [t^°o t 



limsup J loga;_t/2(Pt) < -r } , 



where the infimum are taken over families {Pt}t>o of orthogonal projections in DJl^i subject, in the 
last case, to the constraint that limt_j.oo logajt/2(l — Pt) exists. 

The Hoeffding exponents are increasing functions of r, B_{r) < B{r) < B{r) < 0, and -B(r) = 
B{r) = B{r) — —oo if r < 0. The functions B{r),B{r),B{r) are left continuous and upper 
semi-continuous. If (A9) holds and (cr)+ > 0, then for all r e M, 



B{r) = B{r) = B{r) = b{r) 



sup 

0<s<l 



-sr - 62. + (5) 
1-s 



see [ ]. Results of this type are called quantum Hoeffding bounds. 
Let r > and let Pt be projections in 931^^ such that 

1 



limsup - logi:j_t/2 (Pt) < -r. 

t— yoo t 



The Hoeffding bound asserts 



liminf - logi:Jt/2(l - Pt) > b{f)- 

t— >oo t 

Moreover, one can show that for a suitable choice of Pt, 

lim ^ loga;t/2(l - Pt) = K^)- 

Hence, if oj-t/2 is concentrating exponentially fast on (1 — Pt)DJlc^ with an exponential rate < — r, 
then a;t/2 is concentrating on PjSUttj with the optimal exponential rate b{r). 



(vii) For e e]0, 1[ set 



Pe = inf i limsup - logWt/2(l - Pt) 
{Pt} I t— yoo i 



B^ = inf <^ liminf - logWi/2(l - Pt) 
{Pt} [ t 



a;_t/2(Pt) < e 
^-t/2{Pt) < e 



(5.8) 



Pe = inf <^ lim - log Wt/2(1 - P*) 
{Pt} I t-i-oo t ' 



W-f/2(Pt) < e 



where the infimum is taken over families of tests {Pt}t>o subject, in the last case, to the constraint 

that linit^oo log(^t/2(l ^ Pt) exists. Note that if 



then 



/3t(e) = inf{wt/2(l -P) |^-t/2(P) < e}, 



liminf j log ft (e) = P^, limsup 7 log/3t(e) = Pe 

t^oo t t-yoo t 
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We also define 




(5.9) 



where again in the last case the infimum is taken over all families of tests {Pt}t>o for which the limit 

limt^oo logWi(l - Pt) exists. 

We shall call the numbers defined in (5.8) and (5.9) the Stein exponents. Clearly, < B^ < B^, 

B<B<B,B^<B,B,<B,B,<B. If (A9) holds, then for any e e]0, 1[, 

B = B = B = B^ = B, = B, = -{a) + , 

see [.lUi'vS]. Results of this type are called quantum Stein Lemma. 
Stein's Lemma asserts that for any family of projections Pt such that 

sup ^-t{Pt) < 1, (5.10) 
t>o 

one has 

liminf i loga;t(l - Pt) > -2{a) + , 

t-^oo t 

and that for any ^ > one can find a sequence of projections pj^^^ satisfying (5.10) and 

lim - logcjf (1 - Ft**'') < -2(cr)+ + S. 

t-^OD t 

Hence, if no restrictions are made on Pt w.r.t. uj^t except (5.10) (which is needed to avoid trivial 
result), the optimal exponential rate of concentration of Wt as i f oo is precisely twice the negative 
entropy production. 



5.7 Large time limit: Control parameters 

We continue with the framework of Section 5.4. The infinitely extended systems {O, tx,(^x) are param- 
eterized by control parameters X £ M". Recall the shorthands u ~ ojq, t = tq, ^ = $o> etc. We 
assume 

(AlO) For all t > the functional {X, Y) i-> et {X, Y) has an analytic continuation to the polydisk 

Ds,e = {{X, Y) e C" X C" I maxj \Xj \ < S, max^ \Yj\ < e} satisfying 



sup 

iX,Y)eDs,, 
t>0 



^etiX,Y) 



< oo. 



In addition, the limit 



e+(X,r)= lim -et{X,Y), 

t^oo t 



exists for all (X, Y) G Ds.e n (M" x M"). 
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As in the case of (A9), establishing (AlO) for physically interesting models is typically a very difficult 
analytical problem. Although (AlO) is certainly not a minimal assumption under which the results of this 
section hold (for the minimal axiomatic scheme see [JOPP]), it can be verified in interesting examples and 
allows for a transparent exposition of the material of this section. 

A consequence of the first part of (AlO) is that finite time linear response theory holds for {0,t^, lux)- 
By Vitali's theorem, e+{X, Y) is analytic on Ds.e and we have: 

Proposition 5.8 (1) For any X e M" such that maxj \Xj\ < S, 

1 /•* 

= lim - / ujx i^xs) ds = Vye+(X, y)|y=o- 

t^OO t Jq 

(2) The kinetic transport coefficients defined by 

L,k = dxA'^%^) + \x^^, 

satisfy 

= lim = lim \ f {^^^^^i^^)^ (l - ds. 

(3) The Onsager matrix [Ljk] is symmetric and positive semi-definite. 

(4) Suppose that lo is a (r, P)-KMS state for some /3 > and that (O, r, w) is mixing, i.e., that 

lim w(Ar*(B)) ^u}{A)uj{B), 

for all A,B eO. Then 

1 ft 

L,k = lim - / a;($(^)$('=))ds. 

foo 2 J _f 

Parts (l)-(3) are an immediate consequence of Vitali's theorem (see Proposition B.l in Appendix B). Part 
(4) recovers the familiar form of the Green-Kubo formula under the assumption that for vanishing control 
parameters the infinitely extended system is in thermal equilibrium (and is strongly ergodic). For the proof 
of (4) see i ] or the proof of Theorem 2.3 in [J0P2]. 

5.8 Large time limit: Non-equilibrium steady states (NESS) 

Consider our infinitely extended system (O, r*, uj) and suppose 
(All) The limit 

lim ijJt{A) = 

i— f oo 

exists for all A ^ O. uj+ is a stationary state called the NESS of (O, r*, w). 

Albeit a hard ergodic-type problem, the verification of (All) is typically easier then the proof of (A9) or 
(AlO). In fact, in all known non-trivial models satisfying (A9)/(A10), the proof of (All) is a consequence 
of the proof of (A9)/(A10). 

The structural theory of NESS was one of the central topics of the lecture notes [ \JPP 1 ] and we will not 
discuss it here. In relation with entropic fluctuations, the NESS plays a central role in the Gallavotti-Cohen 
fluctuation theorem. We will not enter into this subject in these lecture notes. 
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5.9 Stability with respect to the reference state 

In addition to (All), one expects that under normal conditions any normal state v E Mu is in the basin of 
attraction of the NESS i.e., that the following holds: 

(A12) 

lim v{t\A))=lo+{A), 

for all V eMu, and AeO. 

As for (Al 1), in all known non-trivial models, (A12) follows from the proofs of (A9)/(A10). 

(A12) is a mathematical formulation of the fact that under normal conditions the NESS and more 
generally the large time thermodynamics do not depend on local perturbations of the initial state lo. More 
specifically, in the context of open quantum systems, if the coupling V is well localized in the reservoirs, 
then in the TD limit (the 7?-j 's becoming infinitely extended and the system S remaining finite), the effect 
of including V in the reference state becomes negligible for large times. In other words, the product state u) 
used in Sections 4. 1-4.2 and the state ujx of Section 4.3 become equivalent for large times. More generally, 
the system loses memory of any localized perturbation of its initial state. 

In a similar vein one expects that, under normal conditions, the limiting entropic functionals do not 
depend on local perturbations of the initial state. To illustrate this point, we consider the functional eoo,+ (a) 
(and assume that the reader is familiar with Araki's perturbation theory of the KMS structure), uj has a 
modular group and if ujw is the KMS state (at temperature —1) of the perturbed group <^l^^ for some 
W e ©self (which, for finite systems, amounts to set ujw = e'°s"+^/tr(e'°s'^+^)), then 



^wKA) - — — — , , 

where the cocycle Ew is given by (2.28). The set of states {ujw \ W G Oseif } is norm dense in the (norm 
closed) set A/^; of all normal state on O. Since £u„\ui — W, one has £ujyirt\ujw — |w + t~*{W) — W 
and hence 

W+(o-„) = W+(cr„^). 

Similarly, for a e]0, 1[, Proposition 3.8 holds for infinitely extended systems (this can be proven either via 
a TD limit argument or by direct application of modular theory), and so 

lim 7(eoo,t,ij(a) - eoo,t,c^w (")) = 0. 

Hence, 

eoo.+.uj{a) = lim -eoo,t,uj{a), 

t-^oc t 

exists iff ^ 

eoo,+,tj,v(a) = lim -eoo.t,uja-ia), 

exists and the limiting entropic functionals are equal. Similar stability results for other entropic functionals 
can be established under additional regularity assumptions [ ^ ]. 



5.10 Full counting statistics and quantum fluxes: a comparison 

In this section we shall focus on open quantum systems described in Chapter 4. For simplicity of notation 
we set the chemical potentials fij of the reservoirs TZj to zero and deal only with energy fluxes $ j . 

Full counting statistics deals with the mean entropy/energy flow operationally defined by a repeated 
quantum measurement. It does not refer to the measurement of a single quantum observable. In fact, 
surprisingly, it gives a physical interpretation to quantities which are considered unobservable from the 
traditional point of view: the spectral projections of a relative modular operator. Full counting statistics is 
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of purely quantum origin and has no counterpart in classical statistical mechanics. In contrast, the energy 
flux observables $j introduced in Chapter 4 arise by direct operator quantization of the corresponding 
classical observables. In this section, we take a closer look at the relation between full counting statistics 
and energy flux observables. 

For open quantum systems, the TD limit concerns only the reservoirs TZj, the finite quantum system S 
remaining fixed. As discussed in the previous section, if we are not interested in transient properties then 
we may assume, without loss of generality, that uig is the chaotic state (2.15). After the TD limit is taken, 
the infinitely extended reservoir TZj is described by the quantum dynamical system {Oj, Tj,ujj), where ujj 
is a {tj, f3j)-KMS state on Oj. The joint system TZ = TZi + • • • + TZn is described by 

n 

The joint but decoupled system S + TZis described by (O, r*, uj) where 

O^Os(g)On, T*=T^(^T!j^, UJ^Us^LUn- 

The interaction of S with TZj is described by a self-adjoint element Vj G Os Oj. The full interaction 
V = J2j ™d the corresponding perturbed C* -dynamics Ty finally yield the quantum dynamical system 
{0,Ty,uj) which describes the infinitely extended open quantum system. Without further saying, we 
shall always assume that all relevant quantities are realized as TD limit of the corresponding quantities 
of a sequence {Qm} of finite, TRI open quantum systems. In particular, that is so for the energy flux 
observables 

where 6j is the generator of Tj (rj = e*"*^ ), and the entropy production observable 

^ = - 

3 

of the infinitely extended open quantum system {0,Ty,uj). 

Recall Section 4.2. Let be the full counting statistics of the infinitely extended open systems 
{0,Ty,uj). The probability measure Pt arises as the weak limit of the full counting statistics PM,t of 
Qm (this realization is essential for the physical interpretation of Pt). Thus, it follows from Relations 
(4.7), (4.8), that 

{e,}+ = lim Et{e,) = ~f3,u:+{^,), (5.11) 
Dics.jk = lim t{Et{ejek) - Et{ej)Et{ek)) 

/OO 
UJ+ (($, - c^+($,))($H - c^+($fe))) dt. (5.12) 
-oo 

Here, cj+ is the NESS of (O, Ty, u) and we have assumed that the correlation function 
is integrable on M. 

The fluctuations of P* as i oo are described by a central limit theorem and a large deviation principle. 
The central Umit theorem holds if for all a e M", 
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where /XDf„ is the centered Gaussian measure on M" with covariance Dfcs = [-Dfcsjfc]- To discuss the 
large deviation principle, recall that 

e2,t(a) = log/ e-*°-^dPt(£). 

Suppose that 

e2,+ (a) = lim -et(a), 

exists for a e M" and satisfies the conditions of Gartner-Ellis theorem (Theorem A.6 in Appendix A. 3). 
Then for any Borel set G C M!^, 

~ inf /(s) < liminf -logPt (G) < limsup-logPt (G) < - inf /(s), 

seint(G) t-i-oo t t~>OD t secl(G) 

where 

7(s) = — inf {s ■ a + e2^+{cn)) . 

otSR" 

Note that /(s) satisfies the Evans-Searles symmetry 

/(-s) = l-s + /(s). 

For some models the central limit theorem and the large deviation principle can be proven following the 
spectral scheme outlined in Section 5.5 (for example, this is the case for Spin-Fermion model, see Sec- 
tion 6.5). For other models, scattering techniques are effective (see Section 6.6). In general, however, 
verifications of the central limit theorem and the large deviation principle are difficult problems. 
Let now 

be the thermodynamic forces. The new reference state ljx is the TD limit of the states ujm.x of the finite 
open quantum systems Qm- Alternatively, ojx can be described directly in terms of the modular structure, 
see [JOPl]. ujx is modular and normal w.r.t. uj. The entropy production observables of (O, Ty,ujx) is 

n 

ax=Y.^i'^i- 

The NESS ujx+ also depends on X and, for X = 0, reduces to a {tv, /3eq)-KMS state cdp^^. Let et{X, Y) 
be the entropic functional of the infinitely extended system {0,Ty,!jJx) and suppose that (AlO) holds. 
Then Proposition 5.8 implies that the transport coefficients 

L-jk = dx,u}x+i^j)\x=0: 
are defined, satisfy the Onsager reciprocity relations 

and the Green- Kubo formulas 

1 f°° 

Ljk = 2 y ^PaA^j^kt)dt. 

Here we have assumed that the quantum dynamical system {O, Ty, w^^^) is mixing and that the correlation 
function t oj^^^ is integrable. 

The linear response theory derived for quantum fluxes immediately yields the linear response theory 
for the full counting statistics. Indeed, it follows from the formulas (5.11) and (5.12) that 

Lics,kj = dxk{£j) + \x=0 = —f^cqLkj ~ — -5— Acs,fcilx=0- 

Pcq 
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The last relation also yields the Fluctuation-Dissipation Theorem for the full counting statistics. The Ein- 
stein relation takes the form ^ 

L{cs,kj = ~ r)0 D{cs,kj\x=0- 

^Peq 

and relates the kinetic transport coefficients of the full counting statistics to its fluctuations in thermal equi- 
librium. The factor — is due to our choice to keep the entropic form of the full counting statistics in the 
discussion of energy transport. In the energy form of the full counting statistics one considers Et(— £j //3j) 
and then the Einstein relation hold in the usual form Lfcs.fej = | ^fcs,fej|x=o- The disadvantage of the 
energy form is that the Evans-Searles symmetry has to be scaled. The choice between scaling Einstein 
relations or scaling symmetries is of course of no substance. 

At this point let us introduce a "naive" cumulant generating function 

enaive,t(a) = loguj (e" "^^^ /o *.^d.j ^ (513) 

and the "naive" cumulants 

Xt(fci, . . . ,/c„) = ■ • •5^;;enaivc,t(a)|a=o• 
The function enaive.t (") is just the direct quantization of the classical cumulant generating function for the 
entropy transfer 

= {Sl...,Si)^ [ (-/?i$i„...,-/3„<i>„,)ds, 
Jo 

in the state u. Except in the special case a — ol\, e^aXvctip) cannot be described in terms of classical 
probability, i.e., enaive, t(ci) ^ot the cumulant generating function of a probability measure on M". If 
a. = al, then 

enaive,t(al) = logw (e«/o -3<i.^ ^ log /■ e*«MM„,t(s), 

where, in the GNS-representation of O associated to w, ^x^^t is the spectral measure for 7raj(c7s)ds 
and^o,. 

In general the functional Cnaivc, t(ct) will not satisfy the Evans-Searles symmetry, i.e., enaive,t(l — c«) 7^ 
enaive,t(c«)> and the same remark applies to the limiting functional 

enaive,+ (Q:) = Hm 7enaive,t(Q:), 

which, we assume, exists and is differentiable on some open set containing 0. One easily checks that the 
first and second order cumulants satisfy 

dajens,Wc,tioi)\a=0 = 62,4 (a) |a=0 , 
5afe9o,^.enaive,t(")|a=0 = 5a^5a^.e2,t(a;)|„=0, 

and if the Umits and derivatives could be exchanged, 

5aje„aive,+ (a)|a=0 = ^a,- 63,+ (a) |q,=0, 
i9afe5a^enaive,+ (a)|«=0 = 62,+ (a) |„=0- 

We siramiarize our observations: 

(i) The first and second order cumulants of the full counting statistics are the same as the corresponding 
"naive" quantum energy flux cumulants, i.e., the direct quantization of the classical energy flux cumu- 
lants. In general, higher order "naive" cumulants do not coincide with the corresponding cumulants 
of the full counting statistics. 
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(ii) The limiting expectation {e)+ and covariance Dfcs of the full counting statistics are expressed in 
terms of the NESS uj+ and quantized fluxes $j. They are direct quantization of the corresponding 
classical expressions. The same remark applies to the central limit theorem, linear response theory 
and fluctuation-dissipation theorem. If the full counting statistics is restricted to the entropy pro- 
duction observable, then its limiting expectation, covariance and central limit theorem coincide with 
those of the spectral measure for t^^ J* (Tgds and ui. 

(iii) We emphasize: to detect the difference between full counting statistics and the "naive" cumulant 
generating function one needs to consider cumulants of at least third order. In Chapter 6 we shall 
illustrate this point on some examples of physical interest. 
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Fermionic systems 



In this section we discuss non-equilibrium statistical mechanics of fermionic systems and describe several 
physically relevant models to which the structural theory developed in these lecture notes appUes. 

6.1 Second quantization 

We start with some notation. Let Q be a finite set. £^{Q) denotes the Hilbert space of all function f : Q ^ 
C equipped with the inner product 

(/l5> = E/(^5(a). 

The functions {6q \ q G Q}, where 6q{x) = 1 if x = q and otherwise, form an orthonormal basis for 
•^^(Q)- Any Hilbert space of dimension |Q| is isomorphic to f.'^(Q). 

Let the configuration space of a single particle be the finite set Q. Typically, Q will be a subset of some 
lattice, but at this point we do not need to specify its structure further. The Hilbert space of a single particle 
is IC = £^{Q). If tjj E IC is a normalized wave function, then |-0((7)p is probability that the particle is 
located at g e Q. The configuration space of a system of n distinguishable particles is and (^{Q^) is 
its Hilbert space. For g = (<7i, • ■ • , qn) S Q" we set . . . , Xn) = Sg^ {xi) • • • (5g„ (x„). {Sq\q e Q"} 

is an orthonormal basis of Let K,^" be the n-fold tensor product of JC with itself. Identifying 

dq with 6q-^ (E) ■ ■ ■ <E) Sq^ we obtain an isomorphism between £'^{Q") and /C^". In the following we shall 
identify these two spaces. 

If tp £ K,^" is the normalized wave function of the system of n particles and ipi, . . . ,ijjn <E JC are 
normalized one-particle wave functions, then | (E) - ■ ■ <S) V'n) P is the probability for the j-th particle to 
be in the state tpj, j = 1, . . . ,n. According to Pauli's principle, if the particles are identical fermions, then 
this probability must vanish if at least two of the tpj's are equal. It follows that the multilinear functional 
F{tpi, . . . , ipn) = ((/'iV'i ^ • • • <Xi V'n) has to vanish if at least two of its arguments coincide. Hence, for 

F{lpi, ...,1pj+tpk,---,1pk+tpj,---,llJn) = 0, 

for any ipi, ... ,ipn ^ IC. By multilinearity, this is equivalent to 

= F{ijji,...,ipj,...,il;k,---,'ipn) +F{ipi,...,il;j,...,tpj,...,ipn) 

+ F{tl;i, . . . ,'0fe, • • • - • • ,V'n) + F{lpi,.. .,t/jk, ...,1pj,...,'tl)n) 

= F{ipi, ... .. ,Vfe, ... ,■(/;«) +F{tpi, ...,tljk,...,ipj,.. ■,ipn), 
and we conclude that F must be alternating, i.e., , changing sign under transposition of two of its arguments, 

F{lpl, . . . , Vi, • • • , V'fe, • ■ • , V-n) = -F{tpi, .... V^'fe. ■^j, ... , tpn)- (6.1) 

Let Sn be the group of permutations of the set {1, . . . , n}. For tt € 5'„ we set 
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and extend this definition to /C*^" by linearity. One easily checks that this action of Sn on /C^" is unitary. 
If TT = (jk) = TT^^ is the transposition whose only effect is to interchange j and k, then (6.1) is equivalent 
to 

and so nip = —ip. More generally, if tt is the composition of m transpositions, vr = (jifci) • • • {jmkm), 
then we must have nip — (— Any permutation tt e Sn can be decomposed into a product of 
transpositions and the corresponding number (—1)"', the signature of vr, is denoted by sign(7r) (one can 
show that sign(7r) — (—1)* where t is the number of pairs (j, fc) e {1, . . .n} such that j < k and 
7r(j) > 7r(fc)). We conclude that the wave function ip of a system of n identical fermions must satisfy 

Trip = sign(7r)V', 

for all TT e 5,1. More explicitly, for tt e Sn the wave function ip satisfies 

'P{x-^(l),.-.,X^(^n)) =sign{TT)ip{xi,...,Xn)- (6.2) 

Functions satisfying (6.2) are called completely antisymmetric. The set of all completely antisymmetric 
functions on Q" is a subspace of £'^{Q") which we denote by (Q"). 



Exercise 6.1. 

1. Show that the orthogonal projection P_ on £t{Q^) is given by 



P-ip — — sign(TT)Trip . 

n ' ^ — ^ 



Hint: use the morphism property of the signature, sign(7r o tt') — sign(7r)sign(7r'), to show that 
7rP_ = sign(7r)P_. 

2. Define the wedge product ofipi,...,ipn€lChy 



ipi A ■ ■ ■ A ipn ^ ynl P^ipi <Si ■ ■ ■ 'Si ipn, 

and show that 

(■01 A • • • A ipn\(l>i A--- Afpn) = det[{ip,\(f)j)]i<,^j<n. (6.3) 
Hint: use Leibnitz formula 

detA= ^ sign(7r)Ai^(i) • • •A„^(„), 
for the determinant of the n x n matrix A = [Aj/.]. 

3. Denote by /C^" the linear span of the set {ipi A ■ ■ ■ Aipnl'ipi, ■ ■ ■ ,i^n G Suppose that n < d = 
I Q| = dim JC and let {0i , . . . , be an orthonormal basis of /C. Prove that 

{(t)j, A • • • A 0j„ 1 1 < ji < • • • < j„ < d}, 

is an orthonormal basis of /C^" and deduce that 

dim^-^f^^"^^' 
V 

In particular, the vector space IC^ is one dimensional. For n > dim K, the vector spaces /C^" are 
trivial, that is, consist only of the zero vector. 
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According to our identification of /C®" with £^(Q"), the subspaces £_(Q") and /C^" coincide (they 
are both the range of the projection P_). We denote by 

r„(/c) = /c^", 

the Hilbert space of a system of n fermions with the single particle HUbert space /C. By definition, Fq (/C) = 
C is the vacuum sector. 

For AeOic and n > 1, let r„(A) and dr„(A) be the elements of Or„(A:) defined by 

r„(A)(^/'i A • • • A Vn) = ^V'l A • • • A AilJn, 

dr„(A)(V'i A • • • A VaO = ^V^i a • • • a i/'„ + • • • + ?Ai a • • • a aV'™. 

For n = 0, we define To{A) to be the identity map on ro(/C) and set drQ(>l) = 0. One easily checks the 
relations 

dr„(A*) = dr„(A)*, 
dr„ {A + XB) = dr„ {A) + Adr„ {b), (6.4) 

r„(e^)=e<^r''(^), 
for A, S G Ok: and A G C. The Fermionic Fock space over /C is defined by 

dim /C 

r(/c) = r„(/c), 

n=0 

i.e., as the set of vectors \1/ = {tpo, tpi,- ■ ■) with ^„ G r„ (/C) and the inner product 

dim fC 

(*|*) = J2 i^nl^n). 

Clearly, 

dim JC dim / , . 

dunT{IC)= J2 dimr„(X:)= £ (^™^) = 2<i'-'=. 

n=0 n=0 ^ ^ 

A normalized vector \1/ = {ipQ, ■^i, . . .) e r(/C) is interpreted as a state of a gas of identical fermions with 
one particle Hilbert space K. in the following way. Setting p„ = HV'nlP. 'f'n = V'n/||V'n|| ^^"^ = 
(0, . . . , (f)n, • • • , 0) one can write ^ as 

dim K 

a coherent superposition of: 

• a state with no particle. Up to a phase factor, is the so called vacuum vector 

n = (i,o,...,o), 

• a state with 1 particle in the state e /C; 

• a state with 2 particles in the state € r2(/C), etc. 

Since the vectors ^'^"^ are mutually orthogonal, p„ is the probability for n particles to be present in the 
system. Pauli's principle forbid more than dim/C particles. With a shght abuse of notation, we shall 
identify the n-particle wave function (/> e r„(/C) with the vector $ = (0, . . . , . . . , 0) e r(/C). 



r„(A*) = r„(A)*, 

Tr,{AB)=T„{A)TniB), 



dr„(A) = ^r„(e*^) 



t=0 
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For AeOic one defines r{A) and dr{A) in Or{K) by 

dim /C dim K 



T{A) = r„(A), dT{A) = dr„(^). 



Relations (6.4) yield 



r{A*) = r{Ay, dr{A*) ^ dr{Ay, 

T{AB) =r{A)r{B), dT{A + XB) = dr{A) + \dr{B), (6.5) 

d 



dT{A) = -r(c*-^) 



t=o 

Note that T{A) is invertible iff A is invertible and in this case r{A)~^ = r(^~^). Moreover, one easily 
checks that 

r{A)dT{B)T{A-^) = dT{ABA-^). (6.6) 

In particular, one has 

gtdr(A)^P(^)g-tdr(A) ^ r(e*^)dr(S)r(e-*^) = dr(e*^Be-*^). 

which, upon differentiation at t = 0, yields 

[dr{A),dT{B)]^dr{[A,B]). (6.7) 

The reader familiar with Lie groups will recognize A i— > T{A) as a representation of the linear group 
GL(/C) in r(/C) and B i-> dT{B) as the induced representation of its Lie algebra Ojc- 

Example 6.1 N = dr(l) is called the number operator Since 

^lr„(K:) = "lr„(/c), 
N is the observable describing the number of particles in the system. 

We finish this section with a result which will be important in Section 6.3. 

Lemma 6.1 For any A e Ojc, one has 

tr(r(A)) = dct(l + A). 

Proof. We first prove the result for self-adjoint A. Let {ipi, . . . ,ipd} be an eigenbasis of A such that 
Atpj = Xjijjj- Since 

d 

det(i+^)=n(i+^^)= E n^fc 

j=l JC{l,...,d} keJ 

= t E n^^ = E E ^n---^.., 

n=0 Jc{l,...,d} keJ n=0 l<ji<- <j„<d 

and Ajj • • • A^-^ = (V'ji A • • • A ^pj^ \Tn{A)ipj^ A • • • A it follows from Part 3 of Exercise 6.1 that 

E =trr„(K)(r„(^)). 
l<ii<-<Jn<£i 

Hence, 

d 

det(l + A) - ^ trr„(;c)(r„(^)) = tr(r(A)), 

ji=0 
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holds for self-adjoint A. If A is not self-adjoint, we set 



,,,, A + A* , A-A* 
A{X) = — - — -I- A- 



2i 

Clearly, A{X) is self-adjoint for A G M and so det(l + A{X)) = tr(r(A(A))). Since both sides of this 
identity are analytic functions of A (in fact, polynomials), the identity extends to the value A = i for which 
A{i) = A. □ 



6.2 The canonical anticommutation relations (CAR) 

For tp,ipi, . . . ,tpn e /C we set 

a*(V')0 = V, 
a*{ilj){ipi A • • • A Vn) = V' A ■^i'l A • • • A Vn- 

By Unearity, a*{ip) extends to an element of Or(!c) which maps r„(/C) into r„+i(/C) and in particular 
Tdim yc (^) to {0}. Since a* {ip) acts on a state ^' by adding to it a particle in the state tjj, it is called creation 
operator. We note that 

^1 A--- AVn = a*(V'i)---a*(V'n)^^- 
Similarly, one defines an element a{i(^) of Or(ic) by 

a{^)n = 0, 

n 

a{^){i;i A • • • A = Vi A • • • A>^A • • • A V„. 

i=i 

a{ip) maps r„(/C) into r„_i(/C) and in particular ro(/C) to {0}. Since it acts on a state "if by removing 
from it a particle in the state tp, it is called annihilation operator. In the sequel, a* {tp) denotes either a* [ij)) 
or a(V'). The basic properties of creation and annihilation operators are summarized in 

Proposition 6.2 (1) The map ip i— )■ a*{il}) is linear and the map ip i— )■ a{ip) is anti-linear. 

(2) a(V)* =a*(^). 

(3) The Canonical Anticommutation Relations (CAR) hold: 

{a{^),am = {a* (V), a* (</>)} = 0, {a(V'), a*(<^)} = {m^, 

where {A, B} = AB + BA denotes the anticommutator of A and B. 

(4) The family of operators 2t = {o*(V') \tp & JC} is irreducible in Ot{k)> that is, 

21' = {B e Or^tc) I [A, B] = for all A e 21} = Clr(K)- 

(5) |ia*(^)|l = ||a(^)|| = 11^11. 

(6) For any A e Ok., 

r(A)a*(V') = a*{Ai))T{A), T{A*)a{Aij) = a{^)T{A*). 
In particular, ifU is unitary, 

T{U)a*{^)r{U*) = a*{U^P). 
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(7) For any A G Ok., 

[AT{A),a*{n=ci*{A4>), [dr(A), a(V')] = -a(A». 
In particular, if A is self-adjoint, 

i[dr(^),a#(V')] = a*{iAij;). 

(8) a*(0)a(^A)=dr(|0)(V'|). 

(9) For any A £ Oiq and any orthonormal basis , . . . , V'd} ofK, one has 

d 

dr(A)= ^ (V,|A^,)«*(V'j>(V'fe). 

Proof. (1) is obvious from the definitions of the creation/annihilation operators. 

(2) follows from Laplace formula for developing the determinant of a n x n matrix A along one of its row, 



detA = ^(-iy+^A,jdetA(,,), 



(6.8) 



where ^(^j) denotes the matrix obtained from A be removing its i-th row and j-th column. Indeed, by (6.3) 

A • • • A |a*(i/')*i/'i A • • • A iJn) = (a* (-0)01 A • • • A 0„-i|-0i A • • • A i/'n) 

= (?/; A 01 A • • • A 0„_i IV^i A • • • A V-n) 
= det A, 



where 



A 



(V'lV'l) (^-102) 
(0l|0l) (0i|^2> 



(^n-llV^l) (0n-l|^2) ■■■ {(j)n-l\^n) 

Developing the determinant of A along its first row and using the fact that 

detyl(ij) = ((^1 A • • • A (j)n-Mi A • • • A>j^A • • • A ^„), 

we obtain 

n 

det A = ^(-l)i+J'(V|V'j)(0i A • • • A 0„-i|V'i A • • • ■■■Alpn)- 

i=i 

Hence, 

n 

a*(V;)>i A • • • A 7/.„ = ^(-l)i+^'(0|0j)V'i A • • • A>3^A • • • A V„, 
and we conclude that a{4>)* — a*(V')- 

(3) The relation {a*{ip), a*(0)} = follows from the fact that ip A cj) A tpi ■ ■ ■ A ipn changes sign when 
tp and (p are exchanged. The relation {a{ip), a{(p)} = is obtained by conjugating the previous relation. 
Finally, adding the two formulas 

n 

a*(0)a(V')V'i A---AiPn^ ^(-l)^+i(V'|Vj)0 A 0i A • • • A>^A • • • A Vn, 
a(V;)a*(0)V'i A • • • A = i^iy+\^\(t>)^Pi A---AtPn 

71 

+ ^ 01 A • • • A>^A • • • A Vn, 
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yields the last relation {a* ((/)), a('!/')} = {'4)\tpj)l. 

(4) We first notice that if ^t* e r(/C) is such that = for all ip e IC, then 

{i^n A • • • A Vil*) = (a*(V'„)V'«-i A • • • A = A • • • A ^i|a(V'„)*) = 0, 

from which we conclude that "if _L r„(/C) for rt > 1. Hence, ^ G ro(/C), i.e., vjf = Ail for some A G C. 
Let B E Oy{ic) commute with all creation/annihilation operators. It follows that a{tlj)Bil = Ba{tp)ft = 
for all ijj e /C. From the previous remark, we conclude that Bfl = Ail for some A G C. Then, we can write 

A • • • A = Sa* (V-i) • • • a* (V^n)!! 

= \a*{^i) ■ ■ ■ a*(V'„)fl = AV^i A • • • A V'™, 

which shows that i3|r,^(;c) = ''^lr„(K:) ™d that B = XIy^k:}- 

(5) is obvious if ip — 0. The CAR imply 

{a*WaW)' ^a*m{a{ij),a*m-a*WaW)a{^) 
= Ufa*{i,)a{^j), 

from which we deduce ||a*(V')a(V')|P = \\{a* {ij)a{tP)f\\ = ||?Mp||a*(?/')a(V')||. If V' 7^ then a(V') ^ 
and hence ||a*('0)a(-0)|| so that we can conclude 

(6) It follows from the definitions that r(A)a*(V')fl = T{A)ijj = Aip = a*{Aip)r{A)n and 

T{A)a*{^p)'ilJi A • • • A V« = r(^)V' A ^1 A • • • A Vn 
= A^p A Ai^i A • • • A A^-n 
= a*(AV')r(yl)V'iA---AV'«. 
Thus, one has T{A)a*{tp) = a* {Aip)T [A) . By conjugation, we also get V{A*)a{A'ip) = a('(/')r(A*). 

(7) It follows from (6) that 

Differentiation at f = yields the first relation in (7). The second is obtained by conjugation. 

(8) The CAR imply 

[a*(0)a(V'),a*(x)] = a*(0)a(V')a*(x) - a*(x)a*(</.)a(V^) 
= a* {(j))a{ip)a* [x) + a* {(j))a* {x)a{tp) 
= a*ma{^),a*{x)}^{4'\x)a*{cj>). 

On the other hand, (7) implies that [dr(|(/)) (^|), a*(x)] = {il)\x) a* {(t>) . Thus, setting B = a* {(j))a{ijj) - 
dr(|(/))('0|) we get [B,a*{x)] = for all x e /C. Interchanging (p and V'^ we obtain in the same way 
[B,a{x)]* = -[B*,a*(x)] = 0, and so [B,a{x)] = 0. Hence B e 21' and (4) implies that B = XI for 
some A G C. Since i3il = we conclude that B = 0. 

(9) Follows from (8) and the representation A = ^.^-^ \A'il}k)\i'j){4'k\- D 
Given a Hilbert space /C, a representation of the CAR over /C on a Hilbert space "H is a pair of maps 

tpi-^b{ip), b*{ip), 

from JC to O-^ satisfying Properties (l)-(3) of Proposition (6.2). Such a representation is called irreducible 
if it also satisfies Property (4) with Or(ic) replaced by On- The particular irreducible representation tp 
a^(V') on r(/C) is called the Fock representation. We will construct another important representation of 
the CAR in Sections 6.4 and 6.7.2. 
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Proposition 6.3 Let JC be a finite dimensional Hilbert space and ij; i—^ b"^ (tp) an irreducible representation 
of the CAR over JC on H. Then, there exists a unitary operator U : r(/C) — >■ H such that Ua'^ {ip)^* = 
b'^{ip)fijr all ip E K,. Moreover, U is unique up to a phase factor 

In other words, any two irreducible representations of the CAR over a finite dimensional Hilbert space are 
unitarily equivalent. A proof of Proposition 6.3 is sketched in the next exercise. 

Exercise 6.2. Let K, B ip i-^ 6(1/') S O-h be an irreducible representation of CAR over the d- 
dimensional Hilbert space /C in the Hilbert space T-L. Denote by {xi, ■ • • , Xd} an orthonormal basis of 
K. an set 

N=Y.b*{Xn)b{Xn). 

n=l 

1. Show that < iV < dl and Nb{i}) = b{tp){N - 1) for any e JC. 

2. Let <j> E Hhe a normalized eigenvector to the smallest eigenvalue of N. Show that b{ip)(f> = for 
all ^^JElC. 

3. Set Ho = C4> and denote by Hn the linear span of {b* (ipi) ■ ■ - b* {ipn)(f> I'lpi, ■ ■ ■ j'lpn G JC}- Show 
that T-ln -L Tim forn 7^ m and Hn = {0} for n > d. 

Hint: show that -/V|-^^^ = nl^^. 

4. Show that 

{b*i^,) ■ ■■b*i^„)^\b*i^[) ■ ■ ■ b*{i,[M) = det[(V',|V';)]i<,.,<„, 
and conclude that the map - ■ -hipn^ b* [ipi) ■ ■ - b* (-0„)(/) extends to an isometry U : T{IC) — > 7i. 

5. Show that Ua*{ij})U* = b*{il)). 

6. Show that [UU* , 6(V')] = for all ip E JC and conclude that U is unitary. 

One can hardly overestimate the importance of the CAR. Indeed, as we shall see, they characterize 
completely the algebra of observables of a Fermi gas with a given finite-dimensional one-particle Hilbert 
space JC. 

Proposition 6.4 A representation ip ^-^ b'^{ip) of the CAR over the finite dimensional Hilbert space JC in 
H is irreducible iff the smallest *-subalgebra ofO-u containing the set 03 — {b'^{il)) \ tp E JC} is O-h. 

Note that the smallest *-subalgebra of O-u containing *B must contain all polynomials in the operators 
b'^{%lj), i.e., all linear combinations of monomials of the form • • • b'^{ijjk). But the set of all these 

polynomials is obviously a *-algebra. Hence, a representation ip b'^{ip) is irreducible iff any operator 
on T-L can be written as a polynomial in the operators b"^ . We can draw important conclusions from this 
fact: 

1. Since the Fock representation ^|J i-> a^[tjj) is irreducible, any operator on the Fock space r(/C) is a 
polynomial in the creation/annihilation operators . 

2. Any representation of the CAR over /C on a Hilbert space H, extends to a representation of the 
*-algebra Oy(k) on H, i.e., to a *-morphism tt : C'r(K) ^ 

3. If the representation is irreducible, this morphism is an isomorphism. 

To prove Proposition 6.4, we shall need the following result, von Neumann's bicommutant theorem. A 
subset 2t c Ok; is called self-adjoint if A e 21 implies ^* e 21 and unital if 1 e 2t. 

Theorem 6.5 Let JC be a finite dimensional Hilbert space and 21 a unital self-adjoint subset of Ok:. Then 
its bicommutant 21" is the smallest ^-subalgebra ofOjc containing 21. 
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Proof. Denote by A the smallest *-subalgebra of Ojc containing 2t, i.e., the set of polynomials in elements 
of 21. One clearly has A' — 2t' and hence A" — 21". Thus, it suffices to show that A = A" (a *-algebra 
satisfying this condition is a von Neumann algebra, and we are about to show that any finite dimensional 
unital ^-algebra is a von Neumann algebra). 

Since any element of A commutes with all elements of A' one obviously have A C A" . We must prove 
the reverse inclusion. Let {ij^i, . . . , V'n} be a basis of K,, {ei, . . . , e„} a basis of C" and set 

n 

5- = ^ 7/;^ ® e^- G H = /C ® C". 

To any A E Ojc we associate the linear operator A ^ A (E) 1 E O-u- It follows that A — {A \ A E A\ is a 
*-subalgebra of O-u and A"^ ~ {A^^ \ A E A] a subspace of T-L. Denote by P the orthogonal projection 
of T-L onto this subspace. We claim that P E A'. Indeed, for any A E A and $ e "H, one has AP^ E A'i', 
and hence 

AP^ = PAP<^>. 

We deduce that AP = PAP for all A e ^ and since A is self-adjoint, one also has 

PA = {A*Py = {PA*Py = PAP = AP. 

Since A is unital, so is A. It follows that v]/ e A'^ and hence P'^ = Recall that X E On is described 
by a n X n matrix [Xjk] of elements of Ok: (see Section 2.3) via the formula 

n 

X{4> (g) e/c) = J2(^3k^) ^ ^0- 

Consequently, one has A' = {X = [Xjk] \ Xjk E A'}. Let B E A". By the previous formula, B E A", 
and so B commutes with P. We conclude that 

= BP* = PB* E A'i/, 

and so there exists A E A such that B'i> — A'i', i.e., 

Bi;^ = A^j, 

for j = 1, . . . , n. We conclude that B = A E A. □ 

Proof of Proposition 6.4. Note that {b*{ijj), b{7p)} = so that any *-subalgebra of Ou containing 

<B^{6#(V')|V'G'*C}, 

also contains the unital self-adjoint subset *B = SU{1}. It follows that the smallest *-subalgebra of 
O-u containing *8 coincide with the smallest *-subalgebra of O-h containing S. Moreover, one clearly 
has *B' = *B' and hence *B" = 58". By the von Neumann bicommutant theorem, 05" is the smallest 
*-subalgebra of O-u containing *B. Now the representation -ip i-^ b'^{ip) is irreducible iff 58' — CI, i.e., iff 
*8" = Oh- □ 

Exercise 6.3. Let /Ci and IC2 be two finite dimensional Hilbert spaces. Show that there exists a 
unitary map U : r(/Ci IC2) r(/Ci) (g) r(/C2) such that Uil = il (g) and 

Uaiip © (l))U* = a{^p) (g> 1 + e''^^ (g> a(0). 

Hint: try to apply Proposition 6.3. 

Remark. Apart from a few important exceptions, the material of this and the previous section extends with 
minor changes to the case where K, is an infinite dimensional Hilbert space. For example: 
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1. The definition of the Fock space T{JC) has to be complemented with the obvious topological condi- 
tion that * = iijo, iPi, . . .) e r(/c) iff = ||V'„|p < oo. 

2. The definition of r„(yl) carries over to bounded operators A on K, and ||r„(yl)|| < ||j4||". Thus, 
r{A) = ©„>or„(^) is well defined if: 

• ||A|| < 1, and then ||r(^)|| = sup„>o ||r„(A)|| = 1. In particular, if U is unitary, so is T{U). 

• A has finite rank m so that r„{A) = for n > m and then ||r(yl.)|| = sup„>Q ||r„(yl)|| < 
max(l, In fact, using the polar decomposition A = U\A\ together with Lemma 6.1, 
one sees that r{A) is trace class with ||r(A)||i = trr(|y4|) = det(l + \A\). By a simple 
approximation argument, one can then show that r{A) is well defined and trace class provided 
A is trace class, and Lemma 6.1 carries over. 

3. If A generates a strongly continuous contraction semi-group e*"^ on IC, then dr(^) is defined as the 
generator of the strongly continuous contraction semi-group r(e*'^) on r(/C). In particular, if A is 
self-adjoint, so is dr(A). However, some care is required since dr(^) is unbounded unless ^ = 0. 
If A is bounded, the dense subspace rfin(/C) = U„>o(ffifc<nrfc(/C)) of r(/C) is a core of dr(yl) and 
on this subspace, dr(yl) acts as in the finite dimensional case. 

4. The definition of the creation/annihilation operators carries over without change. Parts (l)-(5) of 
Proposition 6.2 hold with the same proofs while Parts (6)-(8) are easily adapted. Part (9) still holds 
if A is trace class and it follows that II dr( A) 1 1 < \\A\\i. 

5. The unitary equivalence described in Exercise 6.3 stiU holds for infinite dimensional JCi and IC2 
(prove it!). 

Proposition 6.3 does not hold for infinite dimensional IC. In fact, there are many unitarily inequivalent 
irreducible representations of the CAR over IC. Also Proposition 6.4 and Theorem 6.5 do not hold for 
infinite dimensional IC. In the latter, one has to replace "smallest *-subalgebra of Ojc' by "smallest weakly 
closed *-subalgebra of Ojc' (see, e.g., Theorem 2.4.11 in [ ]). Proposition 6.4 has to be modified 
accordingly: The representation ip b'^{tp) in H is irreducible iff any bounded operator on H is a weak 
limit of a net of polynomials in the elements of 03. 



6.3 Quasi-free states of the CAR algebra 

We now turn to states of a free Fermi gas. Let T E Ojc be a non-zero operator satisfying < T < 1. In 
our context, we shall refer to T as density operator or just density. To such T we associate density matrix 
on r(/C) by 

where 

As usual, we denote by the same letter the corresponding state on Oy-(k.)- is called quasi-free state 
associated to the density T. Its properties are summarized in 

Proposition 6.6 (1) Ifipi, . . . , -01: ■ ■ ■ 1 i'm G IC, then 

WT(a*((/)„) • • ■ a* [(l)i)a{'i}:i) ■ ■ •a(V'm)) = 5„„i det[(?/'i|r(/)j)]. 

In particular, LJT{a* {(fyaiip)) — {4'\T(t>). 

(2) log Zt = - log det(l - T) = -tr(log(l - T)). 

(3) ujT(r(A)) = det(l + T{A - 1)). 

(4) WT(dr(A)) = tr(TA). 
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(5) S{ojt) = -tr(riogT+ (1 -r)log(l -T)). 

(6) ujti ^ '-^T2 'j^^KerTi C KerT2, and then 

^(wtJc^tJ = tr(Ti(log(r2) - log(Ti)) + (1 - Ti)(log(l - T2) - log(l - Ti))) . 
Proof. (1) We set Q = T{1- T)-\ A = a*{(j)„) ■ ■ ■ a*(0i)a(i/>i) • • • a(?/'m) and note that 

so that 

By Proposition 6.2 (6), we have 

from which we deduce that e'*^yle~'*^ = e'*^"^™M, and hence that ut{A) = if n 7^ m. We shall 
handle the case n = to by induction on n. For n = 1, one has 

WT(a*(0)aW) = ^i;Hr(r(Q)a*(0)a(i^)) 
= Zj;Hr(a*(Q0)r(g)a(V')) 
= Z5;itr(r(Q)a(i/;)a*(g<^)) 
= Z^itr(r(Q)({a(V'), a*(Q0)} - a*(Q0)aW)) 
= (V|O</')-WT(a*(g0)a(V')), 

from which we deduce that WT(a*((l + Q)(j))a{ip)) = (V'lQ'/')- Since (1 + Q) = (1 - T)-\ we finally 
get 

WT(a*(0)a(V')) = (V-IQll - = (V|T0). 

Assuming now that the result holds for n — 1, we write 

WT(a*(0n) • ■ ■ a*(0i)a(V'i) • • • a(V'„)) 

= Z^hT{r{Q)a*{(bn) ■ ■ ■ a*(0i)a(^i) • • • a(V'„)) 
= Zj^^tiia* {Q(l)n)T{Q)a* {(l)„-i) ■ ■ ■ a* {(f>i)a{ilji) ■ ■ •a(V'«)) 
WT(a*(0„_i) • • ■ a* {(j>l)a{^pl) ■ ■ ■ a{'ijjn)a* {Q(t)n)). 

Making repeated use of the CAR, 

a{tpj)a*{Q(j>n) = {tpj\Q(l>n) - a*{Q(f>n)a(iljj), a* {(f)j)a* {Qct)^) = ~a* {Q(j)n)a* {(t)j), 
we move the last factor a* {Q<j)n) back to its original position to get 

ujTia*{<pn) ■ ■ ■ a* {(j)i)a{ipi) ■ ■ ■ a(i/'n)) = -WT(a* ((9(/>«) • • • a* ((/)i)a(V'i) • • • a(?/;«)) 
+ |Q'/'n>^T(a*((/.„-i) • • • a*{(f>,)a{^Pi) ■ ■ • ofi^- • • a(V„)). 

By the same argument as in the n = 1 case, we deduce 
UJT{a*{(j>n) ■ • •a*(0i)a(^i) • • •a(V'„)) 

n 

- ^(-l)"+^(^,|T0„)wT(a*(0«-i) • • • a*(0i)a(^i) • • -^JW^- • • a(^n)), 
and the induction step is achieved by Laplace formula (6.8). 
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(2) and (3) are immediate consequences of Lemma 6.1, (4) follows from (1) and Proposition 6.2 (9). 

(5) We again set Q = T(l - T)"^ and notice that 

logr(Q) =dr(logQ), 

so that, by (4), 

S{i^T) = -^T (log {Z^^T{Q))) - -t^T(dr(logg) - logZT) - logZT - tr(Tlogg) . 
Using (2), we conclude that 

S{ut) - -tr(log(l - T)) - tr(r(log(r) - log(l - T))), 
from which the desired formula immediately follows. 

(6) We set Qj =Tj[l~Tj)-'^ and notice that KevQ, = KerT,. It easily follows from KerTi C KerTs 
that Ker r((5i) C Kerr(Q2) and hence ujt^ <C lot^. The remaining statement is proved in a similar way 
as (5). □ 

Let h = h* E Ojc be the one-particle Hamiltonian - the total energy observable of a single fermion. 
The Hamiltonian of the free Fermi gas is 

H = dT{h). 

Indeed, if {-01, ■ ■ ■ , V'd} denotes an eigenbasis of h such that hi/jj — £jtpj, then the state 
describes n fermions with energies Ej^, . . . , , and one has 



The thermal equilibrium state at inverse temperature /3 e M and chemical potential /i e M is described by 
the Gibbs grand canonical ensemble 

PP.^^ = tr(e-'3(H-M^v))- 

Since 

solving the equation 

l-T' 

for T we see that the density operator of a free Fermi gas in thermal equiUbrium at inverse temperature /? 
and chemical potential /i is given by 

Tj3,fj^ is commonly called the Fermi-Dirac distribution. Following the notation introduced in Section 2.9, 
one has 



(6.9) 



E 


= ppAh) 


= tr(/iT^,^), 




9 










— logtr(e~ 




(log(l H 






= P{E - fig) + 


PW,p) 
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Exercise 6.4. The purpose of this exercise is to provide a complete discussion of the thermodynamic 
limit of a ID free Fermi gas starting from the description of a finite Fermi gas. The target system 
is the ideal Fermi gas with one particle Hamiltonian h = on the one-particle Hilbert space 

JC ~ L^(M, dfc/27r) in the thermal equilibrium state at inverse temperature (3 and chemical potential 

To describe the finite approximation, consider the operator 

on L'^ {[~L/2, L/2], dx) with periodic boundary conditions tp{x + L) = 'ip{x). is self-adjoint 
with a purely discrete spectrum consisting of simple eigenvalues £(fc) — with eigenfunctions 

ipk{x) = L-i/2e"=^, ke Ql^ {2TTj/L \ j e Z}. The Fourier transform 



1 



iP{k) = ii^kli') = / ^(:r)e-"=- Ax, 



L/2 



L/2 



provides a unitary map from the position representation L^([— L/2, L/2]) to the "momentum" rep- 
resentation ^^(Ql) such that h]^^{k) = £{k)4'{k). In what follows, we work in the momentum 
representation and set K-l — (-^{Ql) and {hL%li){k) = e{k)ip{k). Let £ > be an energy cut- 
off, set Ql,£ = {k £ Ql I e{k) < £} and consider the free Fermi gas with single particle Hilbert 
space ICl,£ = P{Ql,£), and one-particle Hamiltonian {hL^£^){k) = e{k)^{k). Let El,£, Ql,£, 
PL,f ^) be defined by (6.9). 

1 . Prove that 

El,£ r <k) dk 
lim lim — 



L->oo£^oo L 1 + e'5('^('=)-^) 27r' 

r r r 1 dfc 

lim lim = / „, ,, , — r — , 

L^oof^oo L 1 + e'3(e(fe)-A') 27r 

lim lim riog(l+e-^(^W-^))-. 

-L— !-oo £— >-oo L J— oo 

2. A wave function ij} £ /C^ £ can be isometrically extended to an element of JC by setting 

—!t/L,^+tt/L[ 

where xi denotes the indicator function of the interval /. Thus, we can identify JCl.s with a finite 
dimensional subspace of the Hilbert space JC. Denote by 1 ^ ^ the orthogonal projection on this 
subspace. Then T{1l £) is an orthogonal projection in T{JC) whose range can be identified with 
r(^L,£)- Show that we can identify the equilibrium density matrix 

r(e~'^('*^''^~'^^)) 

PP,li,L,£ ^ 



tr(r(e-/5(''i-.£-/^i)))' 
of the finite Fermi gas on T{JCl.£) with the density matrix 

_ r(e~'^(''-^i)lL,£) 
- tr(r(e-'3(''-Mi)li,£))' 

on r(/C) in the sense that 

tr (p/3,A<,L,£a*(V'i) • • • a*(V'„)a(<^m) ' • ' a(0i)) = tr (p/},^,L,f a* (^i) ' • • a* {i}n)a{4>m) ■ ■ ■ aiii)"^ 
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for all V'i,---,V'«,0i,---,'/>m € /Cl,£. 

3. Show that, in r(/C), the Umit 

P,9,M,L = lim Pl3.,t,.L,Si 

exists in the trace norm and that p^.^.L is a density matrix that can be identified with 

r(e-'3(''J^-Mi)) 
PP'^''^ = tr(r(e-^(''^-A'i)))' 

on T{ICl)- Show that 

s - limp/3,p,L = 0, 

L— f oo 

i.e., the equilibrium density matrix disappears in the thermodynamic limit L ^ oo. 

4. Show that, 

L>0,£>0 

is a dense subspace of K, and that for (f>,ip E V one has 

A- A- *^(^~^--^^«*(^)«('^)) = /I 1 + = 
where T = (1 + c'^(''-^))-i. 

5. Since we have identified /C^ f with a subspace of /C, we can also identify the *-algebra Ojc^, e with 
a subalgebra of the ^-algebra Ojc of all bounded linear operators on JC. This identification is isometric 
and 

Ooo= U O^,,, 
L>0,£>0 

is the *-algebra of all polynomials in the creation/annihilation operators a^{'ip), ip & V. Show that 
the limit 

exists for all A e Ooo ■ 
Hint: show that 

lim lim tr (p/j.^.L.f a* • • • a* (7/;„)a((/)„) • • •a((/)i)) = (5„.„ det[(0j|T7/'fe)], 
forall-!/'i,---,V'«,0i,---,</>m € 2?- 

6. Denote by the norm closure of Ooo in O/c (C'Si is the C*-algebra generated by Ooo)- Show 
that for any A e OJ^ and any sequence A„ € Ooo which converges to A the limit 

= lim 

n— f oo 

exists and is independent of the approximating sequence A„. The C* -algebra is the algebra of 
observables of the infinitely extended ideal Fermi gas and is its thermal equilibrium state. 



6.4 The Araki-Wyss representation 

Araki and Wyss [AWy] have discovered a specific cyclic representation of C'r(yc) associated to the quasi- 
free state ujt which is of considerable conceptual and computational importance. Although any two cyclic 
representations of Or{K.) associated to the state ojt are unitarily equivalent, the specific structure inherent 
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to the Araki-Wyss (AW) representation has played a central role in many developments in non-equilibrium 
quantum statistical mechanics over the last decade. 

For the purpose of this section we may assume that T > (otherwise, replace JC with RanT). Then 
the quasi-free state lut on Oy{k.) is faithful. Set 

•Haw = r(/c)®r(/c), 

bAwW = «((! - T)!/^) 1+ e'"^ (g, a*{f^), 

where ip denotes the complex conjugate of t/j G JC — i'^{Q). For e r(/C), ^ denotes the complex 
conjugate of 'i' (defined in the obvious way). If ^ is a linear operator, we define the linear operator A by 
A^ = Alp. 

Proposition 6.7 (1) The maps xjj i— > ^aw(^) define a representation of the CAR over JC on the Hilbert 
space Haw- 

(2) Let TTAW be tlie induced representation of Or(tc) on Haw- ^AW <^ cyclic vector for this represen- 
tation and 

LUriA) = {nAw\T^Aw{A)nAw), (6.10) 

for all A £ Op^icy In other words, ttaw ci cyclic representation ofOY[K.) associated to the faitliful 
state LOT- 

Proof. The verification of (1) is simple and we leave it as an exercise for the reader. To check that JIaw 
is cyclic, we shall show by induction on rt + m that each subspace Dn.m ~ ^n{^) ® ^m{JC) belongs to 
7rAw(C'r(K;))^AW. For n + rn = 1, we deduce from Ran (1 — T)^/^ = RanT = JC that 

Difi = {feAw(^)^Aw I ■0 e /C}, Z^oa = {feAw('0)f^Aw I V' e /C}. 

Assuming -D„.m C 7rAw(Cr(K;))^AW for n + m < fc, we observe that ^> e -Dn+i.m can be written as 

^ = a* ({1 - Tfl"^^) ® 

for some ip £ JC and $ £ Dn „^. Equivalently, we can write 

where $' = (-1)^ a{rV2^)$ g Dn,m~i- It follows that * £ 7rAw(Cr(K;))^AW. A similar- argument 
shows that Dn,m+i C 7rAw(C'r(K;))^AW. Hence, the induction property is verified for n + m < A; + 1. 
Finally, (6.10) follows from an elementary calculation based on Equ. (6.3). □ 

The triple {Haw, ""awi ^^aw) is called the Araki-Wyss representation of the CAR over JC associated 
to the quasi-free state lut- Since ujt is faithful, it foUows from Part (2) of Proposition 6.7 and Part 4 of 
Exercise 2. 1 5 that this representation is unitarily equivalent to the standard representation and hence carries 
the entire modular structure. The modular structure in the Araki-Wyss representation takes the following 
form. 

Proposition 6.8 (1) The modular conjugation is given by 

J{^1 (g) *2) = ® U^l, 
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(2) The modular operator ofwT is 

= r(e'=-)®r(e-^), 

where kx = log(r(l — T)~^). In particular 

log A^^ = dr(fcT) «) 1 - 1 «) dr(fc^). 

(3) IfuJTi is the quasi-free state of density Ti > 0, then its relative Hamiltonian w.r.t. ljt is 

- logdct ((1 - Ti)(l - + dr(fcTi - M, 

and its relative modular operator is determined by 

logA^^j^^ = logAtjy + 7I'Aw(^WTl|w^)• 
(4) Suppose that the self-adjoint operator h commutes with T. Then the quasi-free state lot is invariant 
under the dynamics r* generated by H — dT{h). Moreover, the operator 

K = AT{h) ®1- l®dT(h), 

is the standard Liouvillean of this dynamics. 

Remark. Since the *-subalgebra Oaw = ''i'Aw(C'r(K;)) is the set of polynomials in the fo^w 
*-subalgebra O^w — J^AwJ is the set of polynomials in the b'^ — Jbf^J. By Propositions 2.23 and 
2.24, one has 

0AwnoV = ci, 

Oaw V Oaw — ^"Haw ■ 

Proof. We set A = r(e'^^) ® V{e^^'^) and s = c'^^. Since J is clearly an anti-unitary involution and 
A > 0, we deduce from the observation following Equ. (2.34) that in order to prove (1) and (2) it suffices 
to show that JA^^'^AftAw — ^*f^AW for any monomial A = ('/'") ' ' ' ^Awi'^i)- shall do that by 
induction on the degree n. 
We first compute 

b'^-wW = JbAwWJ = a{T^''^ij)s ®s + l® sa((l -r)i/2i/,), 

&Aw(^) = JblwWJ = sa(ri/2^) s + 1 a*((l-T)i/2^)s, 

and check that [&aw('^)' ^Aw('?^)] = [^AwlV"), ^aw('?^)] = ^ i^,(t) e K.. We thus conclude that 

b'^{ip) e O'asn- Next, we observe that 

A1/26aw(^)A-i/2 = 6Aw(e-'=-/2^), A^'H\y,{i,)A-^/^ = 61w(e'"/'V')- 
For n the claim follows from the fact that 

JA^/%Aw{i^)^Aw = JA^/^^AwWA-^/Vf^Aw 
= 6Aw(e"*''^/V)f^Aw 
^a*{e-^'^T^I'^ilj)®mAw 

= &Aw(V')f^AW- 
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To deal with the induction step, let A be a monomial of degree less than n in the 6*^ and assume that 
J A^/^ An AY/ = A*flAw for all such monomials. Then, we can write 

JAi/26|w(^)^f^Aw = (JAi/2fe#^(^)A-i/2j)JAi/2Al]Aw 
= A*6fw(^)*r!Aw, 

which shows that the induction property holds for all monomials of degree less than n + 1. 

(3) The first claim is an immediate consequence of the definition (2.36) of the relative Hamiltonian. Since, 
by Part (4) of Exercise 2.15, the Araki-Wyss representation is unitarily equivalent to the standard repre- 
sentation on Ho, the second claim follows from Property (3) of the relative Hamiltonian given on page 
64. 

(4) The fact that ojt is invariant under the dynamics r* is evident. Recall from Exercise 2.16 that the 
standard Liouvillean is the unique self-adjoint operator K on Haw (the Hilbert space carrying the standard 
representation) such that the unitary group e'*^ implements the dynamics and preserves the natural cone. 
These two conditions can be formulated as 

e'*-^&Aw('/')e~"-^ = 6Aw(e"''V'), JK + KJ = 0, 
and are easily verified hy K ^ dr{h) ® 1 - 1 ® dr(7i). □ 

Remark. The Araki-Wyss representation of the CAR over JC immediately extends to infinite dimensional 
JC and the proof of Proposition 6.7 carries over without modification. The same is true for Proposition 6.8 
provided one assumes, in Part (3), that log(Ti) — log(r) and log(l — Ti) — log(l — T) are both trace class. 



6.5 Spin-Fermion model 

The Spin-Fermion (SF) model describes a two level atom (or a spin 1/2), denoted S, interacting with n> 2 
independent free Fermi gas reservoirs TZj. The Hilbert space of S is Hs = C'^ and its Hamiltonian is the 
third Pauli matrix 



r(3) 



1 

-1 



Its initial state isLUg = 1/2. The reservoir TZj is described by the single particle Hilbert space ICj = ( Qj ) 
and single particle Hamiltonian hj. The Hamiltonian and the number operator of TZj are denoted by 
Hj — dT{hj) and Nj. The creation/annihilation operators on the Fock space T{ICj) are denoted by a^. 
We assume that TZi is in the state 



Q-PiiHj-l-ijNj) 



that is, that TZj is in thermal equilibrium at inverse temperature f3j and chemical potential ^j . The complete 
reservoir system TZ — TZj is described by the Hilbert space 



ir(/c,), 
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its Hamiltonian is 

n 

and its initial state is 

where Z = tr(e~ ft(^i-MjJVj)-)_ ^he Hilbert space of the joint system 5 + 7?. is 

its initial state is u = lj^ (E) ut-n, and in the absence of interaction its Hamiltonian is 

^^0 = Hs + H-jz. 
The interaction of S with TZj is described by 

where ct*^^^ is the first Pauli matrix and Pj is a self-adjoint polynomial in the field operators 

For example Pj — (fjiipj) or Pj = iipj{iljj)(pj{(pj) with ipj 1. (f>j. The complete interaction is = 
jy^^i ^^'^ '^he full (interacting) Hamiltonian of the SF model is 

Hx = Ho + XV, 

where A G M is a coupling constant. 

Exercise 6.5. Check that the SF model is an example of open quantum system as defined in Section 
4.1. Warning: gauge invariance is broken in the SF model. 



Exercise 6.6. 

1. Denote by {ei, 62} the standard basis of = C^. Show that the triple ('H^ (SDH^, tt^, fi^), where 
Trs{A) = A(g)land 

= ^(ei (g) ei + 62 (8) 62), 
v2 

is a GNS representation of O-Hs associated to p^. Since ps is faithful, this representation carries the 
modular structure of O5. Show that the modular conjugation and the modular operator are given by 

Js ■■ f -S) g ^-^g-S) 7 and A^^ = 1. 

Note that this part of the exercise is the simplest non-trivial example of Exercise 2.15 (5). 

2. Let ("Haw.ji ""awj, ^awj) be the Araki-Wyss representation of the j-th reservoir associated to 
the quasi-free state ujp. . Show that ttsf = 1^3® ttaw,! ® - ■ - ^ ttaw,™ is the standard representation 
of O-u on the Hilbert space 

^SF = {^S ® 'Hs) ® "HaW.I <8) • • • 'HAW,n, 

with the cyclic vector 
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3. Consider the SF model with interaction Pj — (pj{ipj). Show that in the above standard representa- 
tion the operator Lj_, defined by (4. 10), takes the form 

Lj_ = {Hs «) l-Hs - l«s « Hs) «) 1 «)•••«) „ (6.11) 

n 

+ ® i«J ® i«Aw.i «)•••«) (dr(/ij) «) 1 - 1 «) dr(hj)) (g) • • • «) „ 
" 1 

A/ _^ 



where a = (0, 7, 7') and 

"y^. - c ■ ....... ...<^j.. 



Starting with the seminal papers of Davies [Dav], Lebowitz-Spohn [LS2] and Davies-Spohn [DS], the 
SF model (together with the closely related Spin-Boson model) became a paradigm in mathematically 
rigorous studies of non-equilibrium quantum statistical mechanics. Despite the number of new results 
obtained in the last decade many basic questions about this model are still open. 

The study of the SF model requires sophisticated analytical tools and for reasons of space we shall not 
make a detailed exposition of specific results in these lecture notes. Instead, we will restrict ourselves to a 
brief description on the main new conceptual ideas that made the proofs of these results possible. We refer 
the reader to the original articles for more details. 

The key new idea, which goes back to Jaksic-Pillet [ " "], is to use modular theory and quantum transfer 
operators to study large time limits. As we have repeatedly emphasized, before taking the limit t 00 
one must take reservoirs to their thermodynamic limit. The advantage of the modular structure is that it 
remains intact in the thermodynamic limit. In other words, the basic objects and relations of the theory 
remain valid for infinitely extended systems. 

In the thermodynamic limit the Hilbert spaces JCj become infinite dimensional. Under very general 
conditions the operator Li_ converges to a limiting operator. In the example of Exercise 6.6, this limit has 

exactly the same form (6.1 1) on the limiting Hilbert space Hsf which carries representations tp 1— 6*('0) 
of the CAR over the infinite dimensional JCj . Moreover, the limiting moment generating function for the 
fall counting statistics (4.6) is related to this operator as in (4.9). Under suitable technical assumptions on 
the ipj 's one then can prove a large deviation principle for full counting statistics by a careful study of the 
spectral resonances of It is precisely this last step that is technically most demanding and requires a 
number of additional assumptions. The existing proofs are based on perturbation arguments that require 
small A and, for technical reasons, vanishing chemical potentials jij. We remark that the proofs follow line 
by line the spectral scheme outlined in Section 5.5 and we refer the interested reader to [JOPP] for details 
and additional information. 

For a = (0,1/2,1/2), the operators Li_ is the standard Liouvillean K. The spectral analysis of 
this operator is a key ingredient in the proof of return to equilibrium when all reservoirs are at the same 
temperature. For related results, see [JPl, BFS, DJ, FM]. More generally, the spectrum of K provides 
information about the normal invariant states of the system, i.e., the density matrices on the space "Hsf 
which correspond to steady states. In particular, if K has no point spectrum then the system has no normal 
invariant state and hence its steady states have to be singular w.r.t. the reference state p (see, e.g., [AJPPl, 
Pi] for details). 

In the case a — (0,0,0), the operator Li_ reduces to the L°° -Liouvillean (or C-Liouvillean) Loo 
introduced in [JP3]. In this work the relaxation to a non-equilibrium steady state was proven by using the 
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identity 

UJt{A) = (l]sF|e'*^==^SF(^)f^SF), 

and by a careful study of resonances and resonance eigenfunctions of the operator ioo- This approach was 
adapted to the Spin-Boson model in [MMS2]. 

For a different approach to the large deviation principle for the spin-fermion and the spin-boson model 
we refer the reader to [„ . .] . 

6.6 Electronic black box model 
6.6.1 Model 

Let 5 be a finite set and hs a one-particle Hamiltonian on JCs = ^'^{S). We think of 5 as a "black box" 
representing some electronic device {e.g., a quantum dot). To feed this device, we connect it to several, say 
n, reservoirs TZi, . . . , TZn- For simplicity, each reservoir TZj is a finite lead described, in the tight binding 
approximation, by a box A — [0, M] in Z (see Figure 6. 1). The one-particle Hilbert space of a finite lead is 
ICj = £^(A) and its one-particle Hamiltonian is hj = — ^ Aa, where Aa denotes the discrete Laplacian on 
A with Dirichlet boundary conditions (see Section 1.1). The Electronic Black Box (EBB) model is a free 
Fermi gas with single particle Hilbert space 

/C = /C5 © (©"=i/Cj) . 

In the following, we identify ICg and ICj with the corresponding subspaces of K, and we denote by I5 
and Ij the orthogonal projections of K, on these subspaces. In the absence of coupling between S and the 
reservoirs, the Hamiltonian of the EBB model is 

i/o = dr(/io), 

where 

The reference state of the system, denoted ujq, is the quasi-free state associated to the density 

To = 75 © (©"^iTj) , 
where > is a density operator on /C5 which commutes with /15 and 

Tj = (1 +e^^(''^-^^i))-\ 

is the Fermi-Dirac density describing the thermal equilibrium of the j-th reservoir at inverse temperature 
/3j and chemical potential Hj . 

The coupling of the black box S to the j-th reservoir is described as follows. Let Xj G be a unit 
vector and let ^q-'^ £ fCj be the Dirac delta function at site € A, both identified with elements of JC. Set 

— \Xj){^o^\ + l^o"'^)(Xjl- The single particle Hamiltonian of the coupled EBB model is 

n 

hx = ho + X'^Vj, 
i=i 

where A € M is a coupling constant. Denoting by a* the creation/annihilation operators on r(/C) and using 
Part (8) of Proposition 6.2 we see that the full Hamiltonian of the coupled EBB model is 

n 

3=1 

and that the induced dynamics on the CAR algebra over K, is completely determined by 



134 



Entropic Fluctuations in Quantum Statistical Mechanics 



Assume that the black box S is TRI, i.e., that there exists an anti-unitary involution 6*5 on K-s such that 
Oshgd's = hs and 0sTs6'^ = T5. If 63X3 = Xj for j = 1, • ■ ■ , n, then one easily shows that the EBB 
model is TRI, with the time reversal 



where 0j denotes the complex conjugation on JCj = £'^{A). 

n2 




Figure 6.1: The EBB model with three leads. 



6.6.2 Fluxes 

The energy operator of the j'-th reservoir is Hj ~ dVihj). Applying Equ. (4.2), using Relation (6.7) and 
Part (8) of Proposition 6.2, we see that the energy flux observables are given by 

= -i[H^,Hj] - -dT{i[hx,hj]) = \dT{i[h,,v,]) (6.12) 

= iA (a*(/i,4^'V(x,) - a*{xMhAP)] 



The charge operator of S is Ns = dr(l5) and Nj = dr(lj) is the charge operator of TZj. Note that the 
total charge N = + X]j'=i = dr(l) commutes with H. The charge flux observables are 

= -i[Hx,N,] - -dr(i[/iA, Ij]) = \dT{i[l,,v,]) (6.13) 

= iA [a*iSl,'^)a{x,)-a*ixMSo^))- 

It follows from Part (6) of Proposition 6.2 and Part (1) of Proposition 6.6 that the heat and charge fluxes at 
time t are 

MriiJ,)) = 2AIm(e»''-4^')|Toe"''^Xj)- 

6.6.3 Entropy production 

One easily concludes from Part (1) of proposition 6.6 that ujt ~ ujq o is the quasi-free state with density 

Tt = e-"^^roe'*''\ We set 

fco = log (ro(l - To)-') = log {Tsils - Ts)-') ® - ^,1^)]) , 

so that 

kt = log {Tt{l - Tt)-') = e-'*''^fcoe""\ 
Proposition 6.8 allows us to write the relative Hamiltonian of ut w.rt. as 

^utii^o = dr(fct - fco). 



135 



Jaksic, Ogata, Pautrat, Pillet 



It follows that the entropy production observable is 



t=0 



dTi~i[hx, ko]) = -i[Hx, Qs] -Y^f^ii^o - /^J-^j), 



(6.14) 



where Qs — <i^{^og{Ts{ls — T^) ^)) (compare this expression with Equ. (4.1)). The entropy balance 
equation thus reads 



6.6.4 Entropic pressure functionals 

Not surprisingly, these functionals can be expressed in terms of one-particle quantities. For p G [1 , oo [ one 
has, by Lemma 6. 1, 



— r ( fe'^-od-" 

Zto \^ 



p/2 



)/Pg'=t2a/Pgfeo(l-a)/p 



p/2 



ep,t(a) = logtr 
— log tr 

= -log^To +logdet (^1 + (^e'="(i-")/V'2"/Pe'=o(i-")/P 
det(l +c'^-o) 



p/2 



= log 

After some elementary algebra, one gets 

ep,t(a) = logdet 
In particular, for p = 2, 



+ Tq ^e''o{T--a}/p^kt2a/p^ko(l-a)/p'^ 

e2,t(a) = logdet (l + ro(e-"'=°e"'=' - 1)) , 



p/2 



and for p = oowe obtain 

eoo.t(a) = lim ep,t(a) = logdet (l + ro(e-*«e(i-")'=''+"'=' - 1) 

p— >-oo \ 



(6.16) 



Exercise 6.7. The multi-parameter formalism of Section 3.7 is easily adapted to the EBB model. 
Indeed, one has 



logOJo = {Qs - log ^To) - E ^1^1 + E ft /^.-^j' 



and the n + 1 terms in this sum form a commuting family (the scalar term — log Zt plays no role in 
the following, we can pack it with the Qs term which will turn out to become irrelevant in the large 
time limit). Following Exercise 3.10, define 



AT,- 



-itHx a AtH, 
UJn e 



for a = {as, ai, . . . ,q;2„) £ M^"+^ 
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1 . Show that the generating functional for multi-parameter full counting statistics is given by 

e2,t(a) = logtr K""^*") - logdet (l + To(e-'=(°)e'=*(°) - 1)) 

where 

n n 

k{a) = Q;5log(r5(l - T^)"^) - ^ajPjhj + ^ a„+j/3j^-, Ij, 
and kt{a) = e~"''^fc(a)e'*''^. 

2. Show that the "naive" generating function (5.13) is given by 



enaivc,t(a) = logdet (l + To(e'=-*(«)-'=(°) - 1)) . 



Exercise 6.8. Following Section 4.3, introduce the control parameters Xj = /3eq — and 
Xn+j = /^oqMcq " /^jMj' whcrc /3cq and /icq are some equilibrium values of the inverse tempera- 
ture and chemical potential. Denote by tux the quasi-free state on the CAR algebra over JC with 
density 

^ _^e/3oq('iA-Mcc,i)-E"=i('^j'ij+-^.>+jij)^~^ ^ 

and set kx - log {Tx{1 - Tx)-^) = -/3cq(/iA - A'cql) + H^ii^jh, + X„+,l,). 

1. Show that 

n 

ax = dr(-i[/iA,fcx]) = +X„+,J,-, 

where the individual fluxes are given by (6. 12) and (6. 13). 

2. Show that the generalized entropic pressure is given by 

et{X,Y) = logdet (l + Tx (e-'=^e'=^-^+'=^'^'='' - l)) , 
where ky^t = e~'"'^fcye'*''^. 

3. Develop the finite time linear response theory of the EBB model. 



6.6.5 Thermodynamic limit 

The thermodynamic limit of the EBB model is achieved by letting M oo, keeping the system S un- 
touched. We shall not enter into a detailed description of this step which is completely analogous to the 
thermodynamic limit of the classical harmonic chain discussed in Section 1.8 (see Exercise 6.9 below). 
The one particle Hilbert space of the reservoir TZj becomes ICj = P (N) and its one particle Hamiltonian 
hj = — ijA, where A is the discrete Laplacian on N with Dirichlet boundary condition. Using the discrete 
Fourier transform 

we can identify fCj with L^([0, tt], d^) and hj becomes the operator of multiplication by e{£) = 1 ~ cos^. 
In particular, the spectrum of hj is purely absolutely continuous and fills the interval [0, 2] with constant 
multiplicity one. Thus, the spectrum of the decoupled Hamiltonian h^ consists of an absolutely continuous 
part filling the same interval with constant multiplicity n and of a discrete part given by the eigenvalues of 
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hs- We denote by l-ji = 1 — I5 = '^^e projection on the absolutely continuous part of Hq. In 

the momentum representation one has JC-n — RanlT^ = L'^([0,7r]) (g) C". Denoting by Ij = \ej){ej\ the 
orthogonal projection of C" onto the subspace generated by the j-th vector of its standard basis, we have 

Ij = 1 (Ki Ij and hj = e(^) Ij. 

Exercise 6.9. Denote by the subscript (•)^^ the dependence on the parameter M of the various objects 
associated to the EBB model, e.g., wa/,o is the reference state with density Tm,o — T^Q) (©"=iTm,j"), 
etc. 

1. Show that 

lim TMQ(e~°''""-°e"'"''''' - 1) = To(e-"''°e"''' - 1), 

holds in trace norm, where Tq = s-limTM.o, ^0 = log(7o(l - To)), fc* = e""''^fcoe'*''^ and 

A/-5.00 

hx=s- lim/iM,A- 

A/— >-oo 

Hint: write e~"'^"^.oe"'^"'* — 1 as the integral of its derivative w.rt. t and observe that [hM,x, ^a/.o] is 
a finite rank operator that does not depend on M. 

2. Show that, for any a,t e ]R, 

lim eM,2,t{a) = logdet (l + To(e-"'=°e"'=' - 1)) . 

A/— ^00 

Hint: recall that det(l + rfl/,o(e""''"'"e"'=".' - 1)) = WM,o(r(e-"'=^^.o/2e"'=«.*e-"'=".«/2)) > 0. 
Remark. The implications of this exercise are described in Proposition 5.1. 



Exercise 6.10. Let Pjv/,* denote the spectral measure of log(A;^j,^ tl^M 0) ^^'^ o- Through the 
following steps, show that the spectral measure Pf of log(A(^j|^p) and £,ujo is the weak limit of the 
sequence {Fa/,*}. (Up to a rescaling, Pm.i is the full counting statistics of the finite EBB model.) 

1. Show that, for all a e M, the characteristic function of Pa/,*, 

= tr (^wjif J," cjJv/.t) 

= det (1 + rM.o(e'"''"''*e-'"'="-« - 1)) , 
converges, as M 00, towards 

Xtia) = det (1 + ro(e'"'='e-'"'=« - 1)) = (r(e'"'=*e-'"'=°)) . 

2. In the Araki-Wyss representation associated to the state ojq, show that 
where the cocycle Ft (a) = AJ^|^^ A^^^'" satisfies the Cauchy problem 

3. Show that rt(a) = 7rAw(7t(a)) where 
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Conclude that {U\^%J^o) = Mlt{a)). 

4. Show that 

and conclude that 

Xt{a) = J e'^-dPtix). 

5. Invoke the Levy-Cramer continuity theorem (Theorem 7.6 in [Bil]) to conclude that Pjv/,t converges 
weakly towards Pt. 



6.6.6 Large time limit 

Let us briefly discuss the limit t —i' oo. For simplicity, we shall assume that the one particle Hamiltonian 
h\ has purely absolutely continuous spectrum. This is the generic situation for small coupling A in the 
fully resonant case where sp{hs) c]0, 2[. Since h\ — ho ~ v ~ "^j finite rank, the wave operators 

w± =s-lime"''^e-'*''°lK, 

t— >-±oo 

exist and are complete, w±w'^ = 1, w'^w± — l-jz- The scattering matrix s — ■w*^w_ is unitary on JC-jz. It 
acts as the operator of multiplication by a unitary n x n matrix s(^) = [sjfe(?)]- Since [ho, Tq] = 0, one 
has 



lim (V'lTt^) = lim (e'*''^V|7oe 



= lim (e-"''°e"''^?Mroe-'*''°e'*''^' 
w*_il;\Tow*_^(l)) = (V^|T+(; 



whith r+ = w-Tow*_. It follows that for any polynomial A in the creation/annihilation operators on r(/C), 
one has 

lim uoo t{{A) =uj+{A), 

where uj+ is the quasi-free state with density T+. We conclude that the NESS oj+ of the EBB model is the 
quasi-free state with density 

T+=w-Tow*_. (6.17) 

The large time asymptotics of the entropic pressure functionals can be obtained along the same line as 
in Section 1.11. We shall only consider the case p = 2 and leave the general case as an exercise. 
Starting with (6.16) and using the result of Exercise 1.8, we can write 

^e2,t(a) A-trlog(l+e(i-")'=°e"'=*) 

= tr ((1 + c(i-")'=Oe"fet)-ic(i-")'^-''(fcj _ fco)e"'=') 
= tr ((1 + e-(i-")''°e^"''')-i(fct - fco)) 

= -tJ tr(e'*"''^(l+e-(i-")'=''e-"'=*)"^e-'*"''M[/iA,fco])dw 
= -t f tr((l +e-(i-")'=-'"e^"''''(i-"))-ii[/iA,fco]) du. 
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e2,t(a) - -t /" tr ((1 + c-(i-")'=--e-"'='<i-") fco]) du 



The final relation 

d_ 
da 

remains valid after the thermodynamic limit is taken. Since fco is a bounded operator commuting with Hq, 
one easily shows that 

s — lim/cf — k± — Wzfzkowt^, 

t->-±oo ^ 

which leads to 

s-lim(l +e"(^"")'=-*=e-"'=*<i-=')^^ = (1 + e"(i"")''-e""''+)~^ 

= (1 + u;+e-(i-")''^«ii;;w_e-"'=««;l)-i 
= (1 + w^s*e-^^-°''>''°se-°''">w*_)-^ 

Since i[ft.A, ^o] is finite rank, it follows that 

lim trK; f (1 + e-(i~")'=-*"e-"'=*(i-") A^o]) 

where T = ii;li[/iA, fco]u>_. Since e2,i(0) = 0, we can write 

1 r d 



1 If 

e2,+ (a) = lim -e2,t(a) = lim - / 

t— i-oo t t— i-oo t Jq 



, e2.f(7)d7, 
d7 



and the dominated convergence theorem yields 



,+ (a) = -^ ^ tr((l + s*e-(i-'')'=''se-'''=°)-ir)dud7 
= - ^ tr ((1 + s*e~(i~^)'''''se-^'^''')^ir) d7. 



The trace class operator T on /Ctj has an integral kernel T{(,, £,') in the momentum representation. Follow- 
ing the argument leading to (1.28), one shows that its diagonal is given by 

mo = ^ {^*{oms{o HO) , (6.18) 

where k{^) is the operator on defined by 

n 

Thus, one has 

(log(l + s*(C)e(i-")^(«)s(e)e"'=(«))) 







27r 
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and we conclude that 

e2,+ (a) 



log 



dct (1 + c(i-")'=(«)s(Oe"'=«)s*(C)) 
dct (1 +efe(«)) 



2lT ' 



After a simple algebraic manipulation, this can be rewritten as 



e2,+ (a) = logdet (l + T(0(e-"'=(«)s(Oe"'=«)s*(0 - 1)) 



27r ' 



(6.19) 



where r(0 = (1 + c"''^^))"^ In the following exercise, this calculation is extended to various other 
entropic functionals. 



Exercise 6.11. 

1 . Show that for p e [1 , oo [ one has 
1 



ep,+ {a) = ^liin - ep,t(a) 



log det 



p/2 



27r 



2. Show that 



eoo,+ (a) = lim - eoo.t(a) 



logdet (l +r(e)(e-'=(«)e(i-")'=(«)+"^(f)'=(«)^(f)' - 1)) 



27r ' 



3. Compute 



enaive,+ (a) = 1™ 7 finaivo,* (a) • 



4. Show that the large time asymptotics of the multi-parameter functional of Exercise 6.7 is given by 



62,+ (a) = lim \ 62, ((a) 

t— i-oo t 



logdet (l +r(0(e~'=(°^«'s(Oe''^"'^^s*(C) - 1 



dg(g) 
27r ' 



where 

n 

Note in particular that 62,+ (a) does not depend on the first component as of ol. 

5. Show that the large time asymptotics of the generahzed functional of Exercise 6.8 is given by 



e+{XX) = lim -et{X,Y) 

t—^OO t 



^ logdet (l+Tx(0 (e" 



■fex(?)gfcx-y(«)+s(€)fcy(?)s*(«)-fco(?) _ 



deiO 
2n 



where kx{0 is the diagonal n x n matrix with entries — (/3oq — Xj)e{^) + {(3cqfJ,cq + Xn+j) and 

rx(0 = (i + e-'=-(«))-^ 

6. Develop the linear response theory of the EBB model. 
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For ^ e [0, tt], denote by the density matrix 

r(e'=(€)) 



trr(C")(r(eM?)))' 



on r(C"). Clearly, lu^ defines a state on r(C") which is quasi-free with density T{^). By Part (3) of 
Proposition 6.6, the Renyi relative entropy of the state r(s(^))a;jr(s(^))* w.rt. uj^ is given by 

SUmOHTisiOrH) = logtr (c.i-"r(s(C)H"r(s(e))*) 

= log we (r(e-"'=(«)s(Oe"'=(«^s*(e))) 

= logdet (l + T(e)(e-"'=(«)s(Oe"^(«)s*(0 - 1)) • 

Thus, we can rewrite Formula (6.19) as 

MO 



e2,+ (a)= / S^irisiOHTisiOrH)- . 
Jo 

Using the second identity in (2.19), we deduce 



da 



2lT 

Since logcj^ = dr(fc(^)) - logdet(l + e''^?)). Relation (6.6) and Pait (4) of Proposition 6.6 yield 

S{ns{0)L0^nsm*\u^) = tr [T{s{0)Lo^T{s{Or (log^^ - r(s(e)) logc.er(s(0)*)] 
= tr [wj(r(s(0)* loga;er(s(0) - logc.^)] 

= (dr(s*(OMC)s(C)-MC))) 

= tr{T{o{s*{oms{o-m))- 

Hence, it follows from (6. 18)and (6.17) that 

Jo 

= -tr{ToT) 

= -tr{Tow*_i[hx,ko]w-) 
= -tr(T+i[/^A,fco]). 

Finally, (6.14) allows us to write 

-ti-{T+i[hx,ko]) ^uj+ (dr(-i[/iA,fco])) = 

Thus, we have shown that 



2tt 

Invoking Part (1) of Proposition 2.17 we observe that if uj+{(7) = then we must have 

5(r(s(e))c.er(s(e))*K) = o, 

for almost all ^ e [0, tt] which in turn implies that r{s{0)u}^r{s{^))* = uj^, i.e., that [fc(^), s(^)] = for 
almost all ^ € [0, tt]. The last condition can be written as 
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for all j, k e {1, . . . ; n}, and we conclude that if there exists j,k e {1, . . . , n} and a set O C [0, tt] 
of positive Lebesgue measure such that j ^ k, Sjk{£,) ^ for ^ e and {(3j,fij) ^ (/3fc,/ifc), then 
a;+(o') > 0. In more physical terms, if there is an open scattering channel between two leads TZj and TZk 
which are not in mutual thermal equilibrium, then entropy production in the NESS is strictly positive. 
Note that since (6.14) implies 

n 

the expected currents uj+{^j), uj+{Jj) can not all vanish if entropy production is strictly positive. 



Exercise 6.12. Deduce from Relation (6. 15) that 

- lim ]-S{uJt\i^Q) =Lli+{(j). 
Thus, if w+((t) > then the entropy of ut w.r.t. loq diverges as t — > cx). 



Exercise 6.13. Derive the Landauer-Biittiker formulas for the expected energy and charge currents 
in the steady state w+, 



MO 

27r ' 



where gj{S,) = (1 + e'^^'^*^^-' ^j^) ^ is the Fermi-Dirac density of the j-th reservoir and 

t]k{£) = \Sjk{£.)-^3k? ■ 

Hint: start with tj_|_($j) = — tr {T^i[hx, hj]) = — tr (ToTj) where Tj — w'ti[hx, hj]w^, and deduce 
from (6.18) that the diagonal part of the integral kernel of 7} is given by 

ZTT 

Proceed in a similar way for the charge currents. (For more information on the Landauer-Biittiker 
formalism, see [Da, Im]. More general mathematical derivations can be found in [AJPP2, Ne, BS]. 



Exercise 6.14. Starting with the Landauer-Biittiker formulas develop the linear response theory of 
the EBB model. 



Exercise 6.15. Consider the full counting statistics of charge transport in the framework of Section 
3.8. Let (q), q = {qi, . . . , (?„), denote the probability for the results, n and n', of two successive 
joint measurements of N = (A^i, . . . , Nn), at time and t, to be such that n' — n = tq. Loosely 
speaking, Pj (gi, . . . , is the probability for the charge (number of fermions) of the reservoir TZj to 
increase hy tqj (J = 1, ... , n) during the time interval [0, t]. Denote by 

q 



143 



Jaksic, Ogata, Pautrat, Pillet 



the Laplace transform of this distribution (that is, the moment generating function of VI). 

1. Show that the logarithm of Xt(i^) is related to the functional 62,4(0:) of Exercise 6.7 by 

logXt(«^) = 62,4(1 - a), 
provided v = {vi, . . . , Vn) is related to a = {asi ai, • • ■ , ct2n) according to 

= "5 = 0, l^j = -an+jl3jflj, (j = 1, . . . 

2. Show that in the thermodynamic limit 

Xtii^) = det (1 +To(e''('')e-«('^) - 1)) , 

where 

n 

and qt{u) = e"'*''^(j(i/)e"''^. 

Hint: combine Part 1 with the result of Exercise 6.7. 

3. Derive the Levitov-Lesovik formula 

lim ^logX4(«-)= riogdet(l+T(C)(s*(Os''(0-l))^, 
where the matrix s'^{^) = [sj'j.(0] is defined by 

(See [LL], where the Fourier transform of the probability distribution is considered instead of its 
Laplace transform. See also [ABGK].) 

Exercise 6.16. Consider EBB model with two reservoirs. Prove that the following statements are 
equivalent. 

1. ep,+ {a) does not depend on p. 

2- sii(^) = 522(0 = forLebesgue a.e. ^ e [0, n]. 

3. The fluctuation relation enaivo,+ (a) — enaivG,+ (l — a) holds. 

4. enaive,+ (a) = eoo,+ (a)- 



Exercise 6.17. Consider the following variant of the EBB model. 5 is a box A = [—1, 1] in Z 
and hs = —-^Aa is the discrete Laplacian on A with Dirichlet boundary condition. The box S is 
connected to the left and right lead which, before the thermodynamical limit is taken, are described 
by the boxes A^, =] — M, — Z — 1], A^ = + 1, Af [, where I <C M, and after the thermodynamic 
limit is taken, by the boxes Al =] — 00, — Z — 1], A^ = [Z + 1, oo[. The one particle Hamiltonians 
are = — ^Aa^, hji = — ^Aa^ , where, as usual, Aa^, and Aa^; are the discrete Laplacians on A^ 
and Afj with Dirichlet boundary condition. The corresponding EBB model is a free Fermi gas with 
single particle Hilbert space 

f{AL) © l^iA) ® f{AR) ^f{ALUAU Ar). 
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In the absence of coupling its Hamiltonian is Hq = dr(/io)> where ho = ® hs ® Hr. The 
Hamiltonian of the joint system is H = dT{h), where h = — ^Aa^^uAuAr Aa^uAuAh is the 
discrete Laplacian on U A U Aji with Dirichlet boundary condition. The reference state of the 
system is a quasi free state with density 

To^Tl®Ts® Tr, 
where T5 > is a density operator on i'^ (A) that commutes with /15 and 

Tl = (1 + ePL{hL-^.r.l)yl^ Tr = {1 + e'^flC'fl-MHi))-!^ 

are the Fermi-Dirac densities of the left and right reservoir. 

1. Discuss in detail the thermodynamic limit M ^ 00 and compare the model with the classical 
harmonic chain discussed in Section 1 . 

The remaining parts of this exercise concern the infinitely extended model. 

2. Using the discrete Fourier transform 

^'(Ai) ® I^Ar) 3^L®ijR^$L®^R€ L^iO, TT],dO © i'([0, 7T],dO, 

MO ^\[\y. ^^(^) - 1))' ^«(^) = \/f ^ '^''^"'^ ^^^^'^ ^ 

identify Hl ® fiR with the operator of multiplication by (1 — cos f ) ® (1 — cos^) on i^([0, tt], d^) ® 
L^([0, tt], d^). The wave operators 

w± =s-lime"'*e-"'*°l7?„ 
exist and are complete (It^ is the orthogonal projection onto P {A]^) (B (Ar)). The scattering matrix 

s = w>_ : fiAL) ® I^Ar) ^ f{AL) ® f{AR), 

is a unitary operator commuting with © hR. Following computations in Section 1.9 verify that in 
the Fourier representation s acts as the operator of multipUcation by the unitary matrix 



1 

1 



3. Show that forp e [1, 00], 



1 ( Sinh "(fe('^-Mfi)-fa(e-A'i-)) gjj^Jj (l-a)(ffa(e-Ma)-fe(£-;Ji.) \ 

^^^"^"^ = ^70 K cosh cosh J 

(6.20) 

Note that, in accordance with Exercise 6.16, ep^+{a) does not depend on p. The function (6.20) can 
be expressed in terms of Euler dilogarithm, see the end of Section 6.7.3. 

4. Verify directly that enaivo,+ (Q;) — ep_+(a). 

5. (Recall Exercise 6. 11). Show that 

e2,+ (a) = — / log (1+ 15(e)) de, (6.21) 

where 

Vie) = 

cosh ^^("-^^) cosh ^^(^-^") 
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6. Using (6.21) show that the steady state charge and heat fluxes out of the left reservoir are 



27r 



1 



1 



1 



27r ./o 



1 1 



and that = -uj+{Jl),u:+{^r) = 



de, 



Exercise 6.18. This exercise is intended for technically advanced reader Consider an infinitely 
extended EBB model with two reservoirs except that now we keep the single particle Hilbert spaces K,j 
and Hamiltonians hj general. The coupling is defined in the same way as previously except that now 



^ is just a given vector in Kj. We absorb A in ^g"*^ and denote by h the single particle Hamiltonian 
of the joint system. We shall suppose that the spectral measure Uj for hj and 5^'^ is purely absolutely 
continuous and denote by Avj{e)/de its Radon-Nikodym derivative w.rt. the Lebesgue measure. We 
also suppose that h has purely absolutely continuous spectrum. Since h preserves the cyclic subspace 
spanned by {/C5, (Jq^-*, S'"^^} and /iq, without loss of generality we may assume that ICj = dvj) 
and that hj is the operator of multiplication by e. 

1 . Show that the scattering matrix is given by 



0) 



s(e) = l + 2i7r 



(Xi|(/i-e + i0)-ixi>^ 



{X2\{h-e + iQ)-\i) 



de de 



{xi\{h-£ + iQy 



X2 

io)-i 



X2 



di^l(£) di/2(g) 
de de 
di'2(e) 
de 



2. Compute ep,+ (a) forp e [1, 00]. 

3. Verify that Exercise 6.16 applies to this more general model. Classify the examples for which 
Cp + [a) does not depend on p. 

4. Compute enaivo,+(a)- 

5. Compute 62 + (a;) and derive the formulas for the steady state charge and heat fluxes. 

6. Verify the results by comparing them with Exercise 6.17. 



Remark. For more information about the Exercises 6.16, 6.17, and 6.18 we refer the reader to [BJP]. 



6.6.7 Local interactions 

One can easily modify the EBB model to allow for interactions between fermions in the device S. For 
example, let g be a pair interaction on S, i.e., a self-adjoint operator on T2{JC) acting like 

{q(xi,X2)'tp{xi,X2) ifXi,X2^S, 
otherwise. 

Then the operator 

Q = \^ <l{x,y)a*{5^)a*{Sy)a{Sy)a{S^), 

x,y£S 
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is self-adjoint on r(/C) and leaves all the Tk(IC) invariant. It vanishes on ro(/C) and Ti{JC) and acts like 



(Q'ijj){xi, ...,xk) 



\ 



V 



x,y£{xi,...,x^.}nS 



on rfc(/C) for k > 2. For k e R, the Hamiltonian 



kQ, 



is self-adjoint on T{JC) and defines a dynamics ^ on the CAR algebra over /C. It is easy to perform the 
thermodynamic limit of this locally interacting EBB model, the interaction term Q being confined to the 
finite sample S. The large time limit is a more delicate problem. Hilbert space scattering techniques are 
no more adapted to this problem and one has to deal with the much harder C* -scattering theory, e.g., the 
existence of the limit 

7±(^) = lim T^'oriJA). 

Such problems first appeared in the works of Hepp [He] and Robinson [ ]. In the specific context of 
non-equilibrium statistical mechanics, the scattering approach was advocated by Ruelle [ u 1 ] (see also 
[Rli2, Klu ]). A systematic approach to the scattering problem for local perturbations of free Fermi gases 
has been developed by Botvich and Malyshev [BM], Aizenstadt and Malyshev [AMa] and Malyshev [Ma]. 
It relies on the well known Cook argument and a uniform (in t) control of the Dyson expansion 



rlJA)^rliA) 

k>l 



'{Q)A---[rl'{Q),ri{A)]---]]ds,---dsk. 



0<Sk<---<si<t 



Optimal bounds for the uniform convergence of such expansions have been obtained by Maassen and 
Botvich [MB]. The interested reader should consult [rMU, J0P2, JPP] and references therein. 



6.7 The XY-spin chain 

In this section, we describe a simple example of extended quantum spin system on a ID-lattice. We shall 
follow closely the approach of Chapter I , starting from the standard quantum mechanical description of a 
finite sub-lattice. 



6.7.1 Finite spin systems 

Let A be a finite set. A spin ^ system on A is a finite quantum system obtained by attaching to each site 
X e A a spin i. Thus, the Hilbert space of such a spin system is given by 

where each Hx is a copy of C^. The corresponding *-algebra is 



Oa 



)Ox, 



xeA 



where Ox — M2(C) is the algebra of 2 x 2 complex matrices. Together with the identity Ix € Ox, the 
Pauli matrices 



r(l) = 



1 

1 



= 



-i 

1 



(t(3) = 



1 

-1 
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form a basis of Ox satisfying the well known relations 

For Z) C A we set = ^xen^x- We shall identify Tx E Ox with the element Tx lA\{a;} of Oa- With 
this convention, one has the relations 

a^^a^^ - S.klA + ie^''<T^\ = 2i4,e^''='4'^- (6-22) 

Moreover, any element of Oa can be written as a finite sum 

a xeA 

with Tx'^^ e {1a, cri^', cri^\ CTi"^"*}. Since 1a = cri^^'^, it follows that the smallest *-subalgebra of Oa 
containing the set ©a = {cr^^ \x G A,j = 1,2,3} is Oa- By von Neumann's bicommutant theorem 
(Theorem 6.5), we conclude that ©a — C'a and hence ©a = CIa- 

The dynamics of a spin chain is completely determined by its Hamiltonian Ha, a self-adjoint element 
of Oa- The equilibrium state of the system at inverse temperature /3 is given by the density matrix 

The particular example we shall consider in the remaining part of this section is the XY-chain on the 
finite ID-lattice A = [A, B] C Z. It is defined by the XY-Hamiltonian 

Ha = ~1 E E ^-i'^ (6.23) 

xelA,B[ xelA.B] 

where J e M is the nearest-neighbor coupling constant and A G M is the strength of an external magnetic 
field in direction (3) ' . The case J > corresponds to a ferromagnetic coupling while J < describes an 
anti-ferromagnetic system. 

6.7.2 The Jordan- Wigner representation 

The natural "spin" interpretation of the *-algebra Oa described in the previous section is not very conve- 
nient for computational purposes. In this section, following Jordan and Wigner [ ], we shall see that Oa 
also carries an irreducible representation of a CAR algebra. Moreover, it turns out that the XY Hamiltonian 
(6.23) takes a particularly simple form in this representation. In fact, we shall see that the XY-spin chain 
can be mapped to a free Fermi gas. 

Let cri"^^ = (ai^' ± iai^^)/2 denote the spin raising/lowering operators at x G A. Note that ai ' and 
cTx = (Jx satisfy the anti-commutation relations 

Thus, if A reduces to the singleton {x}, then the maps a H> aai^'' and a i-^ aai ■* define a represen- 
tation of the CAR over the Hilbert space C = £'^{{x}) (and one easily checks that this representation is 
irreducible). This does not directly generalize to larger A. Indeed, if A contains two distinct sites x ^ y 
one has 

[4+),4+)] = [a(-),4-)]=0 [aW,4-)]=0, 

i.e., operators at distinct sites commute whereas they should anti-commute to define a representation of the 
CAR over ^^(A). 

'The name XY comes from the couphng between components (1) = (X) and (2) = (Y) of the spins. 
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To transform commutation at distinct sites into anti-commutation, we make the following observation: 



for G Ox and Sy e Oy one has 



■ ■ ■ a^J'l.Tx, ■ ■ ■ a'^\Sy} - { {T,, 5J for x = y, 

{4'\Sy}a^y%---ai'l,Tx foTx>y. 

Since {(t^^\ cri*'} = 0, it follows that the Jordan-Wigner operators 

u _ ^(3) . . . (3) (-) , * _ (3) (3) (+) 

satisfy 

{hx,hy} = {5:, &;} = 0, {hx,hi} = 4,1a. 

Hence, the maps £^(A) 9 a i-^ h*{a) — a^^J and ^^(A) 9 a H> 6(0;) = oixhx define a represen- 
tation of the CAR over (A) on the Hilbert space "Ha. We shall call it the Jordan-Wigner representation. 

One easily inverts Relations (6.24) to express the spin operators in terms of the Jordan-Wigner opera- 
tors: 

a'^^^ ^Vx{bx + h*x), af'^ ^Wx{bx~bl), a^^^ ^ 2hlbx - Ik, (6.25) 

where 

f 1a ifa; = A, 

Vx = { 

I nyG[A,.[(2&;&y - 1) otherwise. 

If follows in particular that *Ba = {blj: | x € A} satisfies = 6^ — CIa- Hence, the Jordan-Wigner 
representation is irreducible. By Proposition 6.3, there exists a unitary operator U : V{P{K)) —J- Ha such 
that b'^{a) — Ua^{(\)U* , where the a* are the usual creation/annihilation operators on the fermionic 
Fockspacer(£2(A)). 

A simple calculation shows that 



{<J^^\Tx}<7%---a^^l,Sy foxx<y, 



+ = -2{bl^,bx + blbx+i), 



'^x ^x+1 ' "x x+1 ^ ^\"x+l 

so that we can rewrite the XY-Hamiltonian as 

^A=^ E iK+ibx + blbx+,)-\ 

xe[A,B[ x£[A,B\ 

By Part (8) of Proposition 6.2 we thus have = UAT{hK)U* , up to an irrelevant additive constant, 
where the one-particle Hamiltonian /ia is the self-adjoint operator on ^-^(A) given by 

'^A = f E {\5'-+i){6'A + %){5-+i\)-^ E = ^Aa + (J-A)1, 

xe[A,B[ xe[A,B\ 

Aa being the discrete Laplacian on A with Dirichlet boundary conditions (1.1). Thus, the unitary map U 
provides an equivalence between the XY-chain on A and the free Fermi gas with one particle Hamiltonian 
/lA- In particular, it maps the equilibrium state w^a to the quasi-free state on the CAR algebra over i?^(A) 
with density 

T^A = (l+e^"-)-i. 

Exercise 6.19. 

1 . Use the Jordan-Wigner representation of the XY-chain to show that, for all a; S A, 



u;,A(aii)) = u:pK{af^) = 0, ^c.,a(1a + ai'^) = m E ^ 



. 4-^(3)^ - A \- sin^(C(^-^+l)) 



|A| ^ i + e/J(./cosC-A) 
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where A* = {n7r/(|A| + 1) | n = 1, . . . , |A|}, |A| = B - A + 1. 

2. Show that the mean magnetization per spin is given by 

mA(/3,J,A) = ^^o.^A(43)) = ^ ^ tanh(/3(A- JcosO/2). 

3. Show that, in the thermodynamic Hmit, 

2sinh(/3A/2) r 

^immA^p,J,Aj ^ cosh(/3A/2)+cosh(/3(Jcose-A/2))' 

Hint: use the discrete Fourier transform to diagonahze the Laplacian Aa- 



6.7.3 The open XY-chain 

To construct a model of open XY-chain we shall consider the same geometry as in the classical harmonic 
chain of Chapter 1 : a finite system C, consisting of the XY-chain on A = [—N, N], is coupled at its left and 
right ends to two reservoirs TZl and TZu which are themselves XY-chains on A^ = [—M, —N — 1] and 
Afl = [A^ + 1, M] (see Figure 6.2). The size N will be kept fixed and we shall discuss the thermodynamic 
limit M ^ oo. 




Figure 6.2: The XY-chain C coupled at its left and right ends to the reservoirs TZ^ and TZj^. 



The Hamiltonian of the decoupled joint system TZl + C + TZris given by 

Ho — Hj^^ + iJA + -^Ah • 

The coupled Hamiltonian is 

H = i?Ai,uAuAB =Ho + Vl + Vr, 

with the coupling terms 
We consider the family of initial states 

^ ^-^i^^-m+XLHKi^^XRHKRy (6.26) 
with control parameter X — (X^, Xr) e M^. The entropy production observable is 

Gx = Xl^l + Xr^r, 
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where the heat fluxes from TZl/r to C are easily computed using the commutation relations (6.22), 

/ (2) ni di (2) \ f3i A J 



^ TU t/ 1 / (2) (1) (1) (2) A (3) , ■^'J f (1) (2) (2) (1) \ 



a^ -fu U ] f (1) (2) (2) (1) A (3) , AJ / (1) (2) (2) (1) 

= -AH. i?A„] = y (criv^JV+2 " <^N '^N+2 ) ^7V+1 + ^ [^N+l'^N " <^N+l'^N 

In the Jordan- Wigner representation, the decoupled system is a free Fermi gas with one particle Hilbert 
space ^^(Al U A U A^;) = £^(Al) ® ^^(A) ® P{1^r) and one particle Hamiltonian 

ho = /lAi ® /lA ® ft-A„- 
The one particle Hamiltonian of the coupled system is 

where the coupling terms 

■f^i = {\5-n-i){5-n\ + \6-n){5-n-i\) , ^ {\5n){5n+i\ + |(5Ar+i)((5jv|) , 

are finite rank operators. The initial state ujx is quasi-free with density 

where 

kx = ~ph + Xi/iAz, + A:;?^/ia« = -/3(/iA + «L + i^fl) - (/3 - ^l)/iAz, - (/3 - A:fl)/iA«. 

It is now apparent that the results of Section 6.6 apply to the open XY-chain. By Part (2) of Exercise 
6.8, the generalized entropic pressure is given by 

et{X,Y) logdet {l+Tx (q-^^ e^''-''+^^-*-^'' - l)) , 

where kx,t = c^^*'^kx'i^^^ ■ The same formula holds in the thermodynamic limit, provided kx is replaced 
by its strong limit. The large time limit follows from Part (5) of Exercise 6. 1 1, 

e+{X,Y) =. lim let{X,Y) 

logdet fl + Tx(C)(e-'=-«)e'=---(«)+^(«)'=-(«)^*(«)-'=««) - 1)) 

v / 27r 

where e(^) = 1 — cos^, fcx(C) is the diagonal 2x2 matrix with entries (/3 — Xj){X — Jcos(^)) and 
Tx(0 = (1 + e"''^(«))-\ Using the exphcit form 



1 

1 



of the scattering matrix (see Section 1.9, the sign ± is opposite to the sign of the coupling constant J), we 
obtain 

^ ^ p / smh{uAY)smh{u{AX - AY)) \ 
JnJ^_ cosHui/3-XL))coshiuif3~Xn))J ' 

where we have set AX = Xr — Xl, AY — Yr — Yl and u± = {X ± J)/2. The steady heat current 
through the chain is given by 

1 r+ 

= lim ujx.t -dY^e+{X, F)|y^o = — / u {tanh{hu) ~ tanh(/3flu)) du, 
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where jSi^/R = l3 — Xi^/p-. It follows that the entropy production 

1 /■"+ 

(cr)+ = — / {Plu - Pru) (tanh(^Lu) - tanh(^fl;w)) d-u, 
is strictly positive iff (3^ 7^ and J 0. 

Exercise 6.20. Develop the hnear response theory of the open XY-chain. 



Exercise 6.21. Instead of (6.26) consider the reference state 

In this case, up to irrelevant scaling, the Jordan- Wigner transformation maps the XY-chain to the EBB 
model considered in Exercise 6.17. Show that forp e [1, 00], 

1 r+, / sinh(auA/3)sinh((l-a)uA/3)\ , 

enaivc.+ a = ep,+ a = — / log 1 ^ J' . ' du, (6.27) 

Jtt 7„_ V cosh(u/3i) cosh(u/3ij) J 

where A/3 = — (see Figure 6.3). Note that ep^+(a) = e+(X, aX). 
The formula (6.21) can be rewritten in terms of Euler's dilogarithm 

Li.(z).-rMi^d., 

Jo w 

an analytic function on the cut plane C \ [1, oo[ with a branching point at z = 1 (see [ ]). More precisely, 
one has 

ep,+ (a) = G(p +{a~ 1/2) A/?) + G{P - (a - l/2)A/3) - G{Pl) - G{Pr), 
where ]3 ^ {/Sl + Pr)/2 and 

Gix) = / -\ '-. 

It follows that ep,+ (a) is analytic on the strip jlmal < (|a|+| j|)|A/3| • 

Remark. We were able to compute the TD and large time limits of the entropic functionals of the XY-chain 
thanks to its Fermi-gas representation. We note however that the operator 

K = {2b*_^,b^M - 1) • • • (26;_i6.-i - 1), 

has no limit in the CAR algebra over £^(Z) as M — ^ 00, and the Jordan- Wigner transformation (6.25) does 
not survive the TD limit. In fact, to recover the fall spin algebra in the TD limit, one needs to enlarge the 
CAR algebra over (Z) with an element V formally equal to 

lim {2b*_j^jb^M - 1) • • • (26I16-1 - 1). 

M-i-oo 

We refer to Araki [ ] for a complete exposition of this construction. An alternative resolution of the TD 
limit/Jordan- Wigner transformation conflict goes as follows. 

We set Am = [-M, M] C Z. The operator W = cri^]^ • • • afj^ e Oa,, satisfies W ^ W* = W-\ It 
implements the rotation by an angle vr around the (3)-axis of all the spins of the chain. 



-ai'^ forj = lorj = 2, 
ai'^ forj = 3. 
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Figure 6.3: The entropic functional ep_+(a) of the open XY-chain. 



Thus, 0{A) — WAW* defines an involutive ^-automorphism of Oam- I" the fermionic picture, 9 is 
completely characterized by 9{bx) = —b^. 

Since is a linear involution on the vector space Oaj^, it follows that Oajj^ — Oajj + ffi Oa^-, where 

Oa,,± = {Ae Oa.. I 0{A) = ±A}, 

are vector subspaces. Note that C'aa/+ is a *-subalgebra of Oam- Since Ha G Oam+' the dynamics 
T^(v4) = e^'^'^^e"'*^'^ satisfies Tj^ o — 9 o rj^ and, in particular, it preserves both subspaces Oam±- 
Moreover, our initial state satisfies uix o9 = ojx which implies that ijJx \ Oa,^ _ = 0- Thus, observables with 
non-trivial expectation belong to the subalgebra Oam+ ™d we may restrict ourselves to such observables. 

In the fermionic picture, Oam+ is the *-algebra of all polynomials in the bf which contain only 
monomials of even degree. In the spin picture, it is generated by the operators cri'^' and ai^^a^J', with 
s,s' e { — , +} and x < x', which have a Jordan-Wigner representation surviving the TD limit, e.g., 

= 6,(26:+i6,+i - 1) • • • (26;_i6,_i - 1)6;. 

Thus, at the price of restricting the dynamical system to the even subalgebra Oam+' the XY-chain remains 
equivalent to a free Fermi gas in the TD limit. This fact is a starting point in the construction of the NESS 
of the XY-chain. We refer the reader to [AH, AP] for the details of this construction and to [ABl, AB2] for 
additional information about the NESS of the XY-chain. 
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Appendix A: Large deviations 



In this first appendix, we formulate some well known large deviation results that were used in these lecture 
notes. We provide a proof in the simplest case of scalar random variables. 



A.l Fenchel-Legendre transform 

In this section, we shall use freely some well known properties of convex real functions of a real variable, 
see, e.g., [ ]. 

Let I — [a,b] C M be a closed finite interval, denote by int(/) ~]a, b[ its interior, and let e : / — > M be 
a continuous convex function. Then e admits finite left and right derivatives 

.±.^„x e{s±h)-e{s) 



D^e{s) = lim 



/40 ±h 

at every s E int(/). Z?+e(a) and D^e{b) exist, although they may be respectively —00 and +00. By 
convention, we set D^e{a) — —00 and D^e{b) — +00. The functions D^e{s) are increasing on / and 
satisfy D^e{s) < D^e{s). Moreover, D^e{s) ~ _D+e(s) = e'{s) outside a countable set in int(/). If 
e'(s) exists for all s £ int(/), then it is continuous on int(/) and 

lime'(s) = D+e{a), lime'(s) D-e{b). 

The subdifferential of e at so G /, denoted c)e(so), is the set of e M such that the affine function 
e(s) = e(so) + (^{s — sq) satisfies e(s) > e(s) for all s E I, i.e., the graph of e is tangent to the graph of e 
at the point (sq, e(so)). For any sq e /, one has i9e(so) = [-D e(so), -D^e(so)] H M. 

It is convenient to extend the function e to K by setting e(s) = +00 for s ^ I. Then the function e(s) 
is convex and lower semi -continuous on M, i.e., 

e(so) = liminf e(s), 

holds for all sq e M. The subdifferential of e is naturally extended by setting de{s) = for s ^ I. 
The function 

ip{0) = sup{0s - e(s)) = sup (Bs - e(s)) (A.l) 

sel sGR 

is called the Fenchel-Legendre transform of e(s). (p{6) is finite and convex (hence continuous) on M. 
Obviously, if a > then (p{9) is increasing and if 6 < then Lp{9) is decreasing. The subdifferential of ip 
at G M is dtf{9) = [D^ip{9), D^ip{9)]. The basic properties of the pair (e, ip) are summarized in; 

Theorem A.1 (1) 9s < e{s) + Lp{9)forall s,9 eR. 

(2) 9s = e(s) + ip{9) ^9£ de{s). 

(3) e(s) = supegR(6ls - ip{9)). 

(4) 9 £ de{s) <=>s£ dip{9). 

(5) IfQ G]a, b[, then Lp{9) is decreasing on ] — 00, _D~e(0)], increasing on [D^e{Q), oo[, ^{9) ~ — e(0) 
for 9 £ de{0), and ip{9) > -e(0)/or 9 ^ de{0). 
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Proof. (1) Follows directly from the definition of ip. 

(2) Combining the inequality (1) with the equality 6*59 = e(so) + f{(^) we obtain that e(s) > e(so) + 6'(s — 
So) for all s e M which implies 6 e 9e(so)- Reciprocally, if 6* e 9e(so) then > e(so) + 9{s — sq) 
holds for all s e M and hence Ssq > e(so) + sup3(6's — e(s)) = e(so) + "y^C^)- Combined with inequaUty 
(1), this yields Osq — e(so) + 

(3) It follows from Exercise 2.11 that the function e(s) = supggjj(0s — f{0)) is lower semi-continuous 
on M. (1) implies that e(s) < e(s) for any s e M. de{s) ^ for s e]a, &[ we conclude from (2) that 
g(s) = e(s). 

Note that — e(s) < — min„g/(— e(w)) = <^(0). Thus, for 6' > 0, we have f{9) = sup^gj^ {,] (0s — 
e(s)) < 9b + (y5(0) and hence 6*5 - ip{6) > 6{s - h) - Lp{Q). It follows that e(s) = +00 = e(s) for s > 6. 
A similar argument applies to the case s < a. 

Consider now the case s — a. From our previous conclusions, we can write e(a) — lim inf = 
lims^a e(s) = lim^^a e(s) = e(a). A similar argument applies to s = b. 

(4) By (2), 6*0 € 9e(s) is equivalent to the equality 56*0 = e(s) + i^(6'o) which, combined with the inequality 
(1) yields if{9) > (^(6*0) + s{9 - 9o) for all 6* e M and hence s e dip{9o). Reciprocally, if s e d^p{9o) then 
V{9) > ip{9o)+s{9-9o) fov nll9 e M and we conclude from (3) that e(s) < snpg{9s-(p{9o)~s{9-9o)) = 
— ¥^(^0) + s9o. Using (1) and (2), we conclude that 6*0 G de{s). 

(5) It follows from (4) that if G de{0) = [£1-6(0), £'+6(0)] then G d(p{9o), i.e., ip{9) > ip{9o) for 
all G M. Thus, (p{9o) — mine 1^(6') = ~e(0) and since D^ip{9) are increasing, ip is decreasing for 
9 < D-e{0) and increasing for 9 > D+e{0). □ 



A.2 Gartner-Ellis theorem in dimension d = 1 

Letl C M_|_ be an unbounded index set, {Mt, Ft, Pt), t E I,a family of measure spaces, and Xt : Mt 
a family of measurable functions. We assume that the measures Pt are finite for all t. For s G M let 



et(s) =log / e^^MPt. 



'Mt 

64 (s) is a convex function taking values in ] — oo. oo]. We make the following assumption: 
(LD) For s G / = [a, &] the limit 

6(s) = lim 76t(s), 

t— i-oo t 

exists and is finite. Moreover, the function 6(s) is continuous on /. 

Until the end of this section we shall assume that (LD) holds and set e(s) — oo for s ^ I. The function 
(p{9) is defined by (A.l). 

Proposition A.2 (1) Suppose that E [a,b[. Then 

limsup JlogP.({. G Mt\Xti.) > t9}) < (-^f ) '11^^ 
t->oo t |e(0) if < L'+e(0). 

(2) Suppose that G]a, 6]. Then 

limsup 1 iogP.({. G Mt I xti.) < t9}) < ^ 

t-foo t e(0) if 9 > D 6(0). 
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Proof. We shall prove (1), the proof of (2) follows from (1) applied to —Xt and —0. For s e]0, h], 
Pt{{x e Mt I Xt{x) > te}) = Pt{{x e Mt I e^^*(^) > e^*''}) < e"^*^ / e^^'dF*, 

and so 

limsup - log Pt{{x e Mt I Xt{x) > tO}) < - sup {0s - e(s)). 

t-!-oo t a<s<b 

For e < D+e{0) and s > 0, one has e(s) > e(0) + sD+e{0) > e(0) + Os, so that 

-e(0) < sup {es - e{s)) < sup {0s ~ e(0) - 0s) = -e(0), 

0<s<f) 0<s<6 

and hence supg<j,<j(0s ~ e(s)) = — e(0). One shows in a similar way that sup^<s<q(6's — e(s)) — ~e(0) 
for > D+e{0). It follows that 

ip{0) — sup {0s — e(s)) = max I — e(0), sup {0s — e{s)) I = sup {0s — e(s)). 

a<s<b \ 0<s<b J 0<s<b 

The statement follows. □ 

Proposition A.3 Suppose that G]a, b[, e(0) < 0, and that e{s) is dijferentiable at s = 0. Then for any 
6 > there is 7 > such that for t large enough, 

Pt{{x e Mt I \t-^Xt{x) - e'(0)| > ,5}) < e-^*. 

Proof. Part (2) of Theorem A.l implies that (p{e'{0)) — — e(0). By Part (5) of the same theorem, one has 
ip{e) > (p{e'{0)) > for 61 ^ e'(0). Since 

Pt{{x e Mt I \t-'Xt{x) - e'(0)| > S}) <Pt{{x e Mt \ \Xt{x) < <(e'(0) - S)}) 

+Pt{{x e Mt I \Xt{x) > <(e'(0) + ,5)}), 

Proposition A. 2 implies 

limsup- log Pt({x e Mt I \t-'^Xt{x) - e'(0)| > S}) < -mm{ip{e'{0) + 6),(p{e'{0) - 6)}, 

i— >C30 t 

and the statement follows. □ 
Proposition A.4 Suppose that G]a, b[ and e{s) is differentiable on ]a, h[. Then 

liminf \ \ogPt{{x e Mt \ Xt{x) > t0)} > ~ip{0), 
forany0e]D+e{a),D-e{b)[. 

Proof. Let e]Z3+e(a), I?^e(6)[ be given and let a and e be such that 

0<a-e<a<a + e< D^e{h). 
Let Sq G]a, &[be such that e'{sa) — a (so ^p{a) — asa — e{sa))- Let 

dPt = e-*='("°)e"°^*dPt. 
Then Pt is a probability measure on {Mt^Ft) and 

Pt{{x e Mt I Xt{x) > t0}) > Pt{{x e Mt I t-^Xt{x) e[a-e,a + e]}) 

= e"*("°) / e-"°^'dPt (A.2) 

J {t-^ Xte[a-e,a+e]} 
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Now, if Gf (s) = log Jj^j^ e^^'dPf, then et{s) = et{s + Sa) — et{sa) and so 

lim 764(3) = e(s + Sa) ~ e(sa), 
for s e [a — Sa,b — Sa]- Since e(0) = and e'(0) = e'{sa) = a, it follows from Proposition A. 3 that 

lim ] log Pt{{x e Mt\t-^Xt{x) e [a-e,a + e]}) = 0, 

and (A. 2) yields 

liminf 7logPt({a; G Mt \ Xt{x) > t9}) > -Saa + e{sa) - \sa\e = - \sa\e. 

t— >C!0 t 

The statement follows by taking first e 4, and then a I 6. □ 
The following local version of the Gartner-Ellis theorem is a consequence of Propositions A. 2 and A.4. 
Theorem A.5 If e{s) is differentiable on]a,b[and 'E]a, b[ then, for any open set ^ Cl]D^ e{a) , e{b)[, 

lim ^logPMx e Mtlr^XAx) e J}) = -miip(9). 
t->-oo t eel 

Proof. Lower bound. For any 6* G J and 6 > such that ]9 — 6,9 + d[c I one has 

Pti{x G Mt I t-^Xtix) G J}) > Pt{{x G Mt \ t-^Xt{x) e]9 -6,9 + 6[}), 
and it follows from Proposition A. 4 that 

limini - log Pt[{x € Mt\t-^Xt{x) G J}) > -ip{9-6). 

t^aa t 

Letting (5 1 and optimizing over 6* G J, we obtain 

liminf - logPt({x G Mt I t-^Xt{x) G J}) > - inf ip(9). (A.3) 

t-foo t eeJ 

Upper bound. Note that e(0) = G]a, b[. By Part (5) of Proposition A.l, we have ip{9) = for 9 = e'(0) 
and ^p{9) > otherwise. Hence, if e'(0) G cl(J), then 

limsup- log Pt({2; G Mt\r^Xtix) G J}) < = -Mip{9). 
t— >-oo t 6ei 

In the case e'(0) ^ cl(J), there exist a,f3 e cl(J) such that e'(0) G]a, /3[c M \ cl(J). It follows that 

Pti{xeMt\t~^Xt{x)el}) 

< Pt{{x G Mt I t-^Xtix) < a}) + Pti{x G Mt \ t'^Xtix) > /?}) 

< 2max(Pt({a; G Mt\t-'Xtix) < a}),Pti{x G Mtlr^Xtix) > /?})) , 

and Proposition A. 2 yields 

lim sup - logPt({x G Mt \ r^Xt{x) G J}) < - mm{<f{a), (fii/S)). 

t-i-oo t 

Finally, by Part (5) of Proposition A. 1, one has 

inf <^(6l) = min((^(a), (/?(/?)), 

and therefore 

lim sup - logPt({x G Mt I r^Xtix) G J}) < inf ^(61), (A.4) 
t— foo t 0ei 

holds for any J c]D^e{a), D^e{b)[. The result follows from the bounds (A.3) and (A.4). □ 
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A.3 Gartner-Ellis theorem in dimension d > 1 

Let Xt : Mt M"* be a family of measurable functions w.r.t. the probability spaces {Mt, Tt, Pt)- If 
G C M'' is a Borel set, we denote by int(G) its interior, by cl(G) its closure, and by dG its boundary. The 
following result is a multi-dimensional version of the Gartner-Ellis theorem. 



Theorem A.6 Assume that the limit 

/i(Y) = lim - log / e^-^'dPt, (A.5) 

t^OO t Jf^j^ 

exists in [—00, +00] for all Y G W^, that the function h{Y) is lower semi-continuous on W^, dijferentiable 
on the interior of the set T) = {Y G M'* | |/i(Y) | < 00} and satisfies 

lim |V/i(Y)|=oo, 

int(X))9Y^Yo 

for all Yq G dD. Suppose also that is an interior point ofD. Then, for all Borel sets G C we have 
- inf /(Z) < liminf - logPt {{x G Mt I r^l^tix) G G|) 

Z6mt(G) t^oo t " 

< limsup ^ logPt ({x G M|riXt(x) G G}) < - inf /(Z), 

where 

/(Z) = sup (Y-Z-/i(Y)). 
We now describe a local version of Gartner-Ellis theorem in d > 1. Set 



h{Y) = lim sup - log j e^'^' dPt 



t, 

Mt 

J(Z) = sup {Y-Z-h{Y)). 

Let V ^ {Y eR'^l h{Y) < 00} and let V be the set of all Y G M'* for which the limit (A.5) exists and is 
finite. Let S" C I? be the set of points at which h(Y) is differentiable and let T = { V/i(Y) | Y G S"}. 

Theorem A.7 Suppose that G int(I?). Then 

(1) For any Borel set G C M'*, 

limsup-logPt ({a; G A/|t-iXt(a;) G G}) < - inf 7(Z). 

t-^oo t Zecl(G) 

(2) For any Borel set G d J-, 

liminf -logPf (ja; G MU-^Xtfa;) G G|) > - inf 7(Z). 

t^oo t ^ ' ^ ' - Zeint(G) ^ ' 

We refer to [^.^] for proofs and various extensions of these fundamental results. 



A.4 Central limit theorem 

Bryc [ ] has observed that under a a suitable analyticity assumption the central limit theorem follows 
from the large deviation principle. In this appendix we state and prove Bryc's result. The setup is the same 
as in Appendix A.3. Let 

ht{Y) = -\ogj e^-^MPt, 

' -iMt 
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and let be the open polydisk of C of radius e centered at 0, i.e., 

D, = {z = (zi, . . . , Zd) e I max \zj\ < e}. 

j 

The analyticity assumption is: 

(A) For some e > and all < e I the function Y i-> /if ( Y) has an analytic continuation to the polydisc 
such that 

sup |/it(z)| < oo. 

Moreover, for Y e real, the limit 

h{Y) ^ lim ht{Y) 

>-oo 

exists. 

This assumption and Vitali's convergence theorem (see Appendix B below) imply that h{Y) has an- 
alytic extension to and that all derivatives of ht{z) converge to corresponding derivatives of h{z) as 
t — ?► oo uniformly on compact subsets of D^. We denote 

nif = V/if(Y)|Y=o, m = V;i(Y)|y=o. 
Clearly, Clearly, rtit is the expectation of w.rt. Pt and 

lim -mt — m. 

t—^oo t 

Similarly, if Dt = [Djkt] is the covariance of Xf, then 



lim -Dt = D, 

i— j-oo t 

where D = [Djk] is given by 

Theorem A.8 Assumption (A) implies the central limit theorem: for any Borel set G C 

^lim [\^x e Ah I ^^^^^p^ e g}) = md(G), 
where fin is centered Gaussian with variance D. 

Remark 1. In general, the large deviation principle does not imply the central limit theorem. In fact, 
assumption (A) cannot be significantly relaxed, see [ ] for a discussion. 

Remark 2. Assumption (A) is typically difficult to check in practice. We emphasize, however, that a 
verification of assumptions of this type has played the central role in the works [JOPl, J0P2, JOPP]. 
Remark 3. The proof below should be compared with Section 1.12. 

Proof. By absorbing m.t into Xt we may assume that mt = 0. Let k = {ki, - ■ ■ , kd), kj > 0, be a 
multi-index and 

gkiA hfcd r YXf 

the k-th cummulant of i^^/^Xj. 
Set 

= {z = (zi, . . . , Zrf) € I |z,| = r for all j}. 
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The Cauchy integral formula for polydisc yields 



lim 

t^oo 



h\---kal f ht{z) 



{2^iY Jr. z 



Note that 



^ ^fci+i ki+i r fci+i fcd+i 



* .fcl+1 k^+l"-^' 



and so 



— ; lim — . ... t 2 (h — — _ — ({zi ■ ■ ■ dzn- 



The Cauchy formula implies 



d t kt + 1 .fed + 1 



and we see that 

Hence, if fci + • • • + fc^ > 3, then 

lim Xk(i) = 0. 

and if /ji + • • • + /jci = 2 with the pair ki.kj strictly positive, then 

Since the expectation of Xf is zero, we see that the cumulants of t^^/^Xj converge to the cumulants of the 
centered Gaussian on M!^ with covariance D. This implies that the moments of t^^/^Xj converge to the 
moments of the centered Gaussian with covariance D, and theorem follows (see Section 30 in [Bi2]). □ 
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Appendix B: Vitali convergence 
theorem 



For e > let be the open polydisk of C" of radius e centered at 0, i.e., 

D^ = {z — (zi, . . . , z„) e C" I max \zj\ < e}. 



Theorem B.l Let I C M+ be an unbounded set and let Ft : C, t ^ I, be analytic functions such 

that 

sup \Ft{z)\ < oo. 
t>o 

Suppose that the limit 

lim Ftiz) = F{z), (B.l) 

f oo 

exists for all z G D M". Then the limit (B.l) exists for all z € and is an analytic function on 
D^. Moreover, as t ^ oo, all derivatives of Ft converge uniformly on compact subsets of to the 
corresponding derivatives of F. 



Proof. Set 

= {z = (zi, . . . , z„) e C" I |zj| = r for all j}. 
For any < r < e, the Cauchy integral formula for polydisks yields 

azf' • • • dzn" (27ri)" /r^ (wi - zi)'=i+-^ • • • (w„ - z„)*"+-^ 

for all z £ Dr- It follows that the family of functions {Ft}tei is equicontinuous on Dj.' for any < r' < r. 
By the Arzela-Ascoli theorem, the set {Ft} is precompact in the Banach space C(cl(Dr')) of all bounded 
continuous functions on cl(£',./) equipped with the sup norm. The Cauchy integral formula (B.2), where 
now z e Dr' and the integral is over F^s yields that any limit point of the net {Ft}tei (as t — )■ oo) 
in C{c\{Dr')) is an analytic function on Dr' ■ By the assumption, any two limit functions coincide for z 
real, and hence they are identical. This yields the first part of the theorem. The convergence of the partial 
derivatives of Ft{z) is an immediate consequence of the Cauchy integral formula. □ 
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Notations 



( • I • ): inner product on K., 31 
( • I • ): inner product on 'He), 59 

Dirac bra, 31 
l^/)): Dirac ket, 31 

( • I • )^: Kubo-Mari inner product, 58 
( • I • )p: standard correlation w.r.t. p, 63 
|^|: operator absolute value, 33 
1: operator unit, 31 
A': commutant, 59 

Aut(O): group of * -automorphisms of O, 32 
Aa: discrete Dirichlet Laplacian, 8 
Atj! modular operator of uj, 63 
Ap|j^: relative modular operator, 64 
Dp{p, v): minimal error probability, 50 
Dp{p, V, P): error probability of the test P, 50 
Eij-. basis of O, 31 

'■ flux relation, 85 
T{A): second quantization of A, 118 
r(/C): fermionic Fock space, 117 
Uy. GNS space, 61 
T-Lo'- standard representation space, 59 
T-Cq'. natural cone, 61 
J: modular conjugation, 61 
K: standard Liouvillean, 62 
Ki (E) IC2- tensor product, 32 
/C®": n-fold tensor product, 115 
/C^": antisymmetric n-fold tensor product, 116 
L{-): (Left) standard representation, 59 
Lp-. LP-Liouvillean, 77 

LP{0): O equiped with the p-norm || • 65 

LP{0,uj): Araki-Masuda L^-space, 66 
(O, w): Araki-Masuda positive cone, 66 
: enveloping von Neumann algebra of w, 98 

N\ number operator, 118 

Muj'. set of w-normal states, 98 

0+: positive part of O, 32 

fi: Fock vacuum vector, 117 

Oseif : self-adjoint part of O, 32 

Pa( • )• spectral projection, 32 

Popt" optimal test (Neyman-Pearson), 50 

i?( • ): (Right) standard representation, 59 

S{p): von Neumann entropy, 43 

S{p\u)\ relative entropy, 47 

Sa{p\v)'- Renyi entropy, 44 



6: set of states on O, 42 

[Dut : DluY: multi-parameter Connes cocycle, 
82 

[Dp : Dv]^: Connes cocycle, 63 
a^: fermionic creation/annihilation operators, 119 
AT [A): differential second quantization of A, 118 
(5( • ): generator of a dynamics, 52 
ep_t(a): entropic pressure functional, 74 
enmvc,t{cy)'- naive cumulant generating function, 
113 

ep^tioc)'- multi-parameter entropic pressure func- 
tional, 81 

Ct (AT, Y): generalized entropic pressure functional, 
86 

f{A): functional calculus, 32 

id: identity map on O, 32 

Aj ( • ) : eigenvalues in decreasing order, 32 

V <^ uj: Ran v C Ran uj, 43 

log( • ): natural logarithm, 33 

ip^jj-. relative Hamiltonian, 64 

/i j ( • ) : singular values, 33 

II • II : operator norm, 31 

II • lip! p-norm on O, 34 

II ■ 1 1 Araki-Masuda p-norm, 65 

v ^- uj: Rani/ _L Ranw, 43 

TT^: GNS representation, 61 

PA- 6-^/^(6^), 43 

s(p): Ranp, support of a state, 43 

sign( • ): signature of a permutation, 116 

c:*l^: relative modular group, 64 

<;^: multi -parameter modular group, 82 

<^^: modular group of w, 63 

sp( • ): spectrum, 31 

tryc ( • ) • partial trace, 40 

T*: dynamics, 52 

Ty-. perturbed dynamics, 55 

fiy! vector representative of the state v, 61 

C,qcb{p, v)'- Chernoff distance, 51 
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algebra 

C*-, 33, 96, 128 
33 

commutative or abelian, 33 
complex, 33 

enveloping von Neumann, 98, 105 
unital, 33 

von Neumann, 65, 69, 123 
Araki-Masuda L^-space, 66, 76, 83 

Bogoliubov inner product, see Kubo Mari inner 
product 

canonical anticommutation relations, 119 
canonical correlation, see Kubo Mari inner prod- 
uct 

CAR, see canonical anticommutation relations 
charge, 54, 89, 135 
chemical potential, 55, 89 
Chernoff 

distance, 51 

exponents, 104 
CLT, see theorem, central limit 
cocycle, 71, 110, 138 

Connes, 63, 76, 82 
commutant, 59 
complex conjugation, 59 
complex deformation, 103 
cone, 59 

dual, 66 

natural, 61, 98 

self-dual, 59 
C* property, 3 1 

density, 124 
density matrix, 42 
distribution 

Fermi-Dirac, 126 
Duhamel two point function, see Kubo Mari in- 
ner product 
dynamical system, 52, 7 1 
dynamics, 52, 61 

perturbed, 55, 64, 90 

EBB, see model, electronic black box 



entropic pressure, 74, 81, 97, 136, 139 

generalized, 86, 92, 97, 151 
entropy, 126 

balance, 11,72, 90 

joint concavity, 46, 49 

production, 11, 19, 72, 80, 81, 90, 92, 96, 
101, 111, 136, 143, 150, 152 

Renyi, 11,44, 48,64, 98, 142 

relative, 10, 47,64,73, 98 

von Neumann, 43 
error probability, 50 

ES-symmetry, see symmetry, Evans-Searles 
expansion 

Duhamel, 34, 44 

Dyson, 56, 147 

ECS, see full counting statistics 
Eenchel-Legendre transform, 155 
flux, 11,85,90, 92, 110, 135 
Eock space, 117 
formula 

Duhamel, 33, 57, 87 

Green-Kubo, 27, 88, 92, 100, 109, 112 

Kosaki, 45, 66, 70 

Landauer-Biittiker, 26, 143 

Laplace, 120, 125 

Leibnitz, 116 

Levitov-Lesovik, 144 

Lie product, 33, 57 
free energy, 53 

full counting statistics, 78, 84, 91, 97, 101, 110, 
137, 143 

gauge group, 55, 89 
Gibbs 

canonical ensemble, 53 

grand canonical ensemble, 126 

variational principle, 54 

Hamiltonian, 52, 62, 134 
-XY, 148 
one-particle, 126 

relative, 64, 71, 81, 82, 86, 130, 135 
Heisenberg picture, 52 
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Hoefding exponents, 107 
hypothesis testing, 50, 69, 104 

inequality 

Araki-Lieb-Thirring, 37 
Fannes, 44 

Golden-Thompson, 38, 39, 57, 73, 80 
Holder, 35, 38, 45, 57, 65 
Klein, 35, 43, 48, 49 
Lowner-Heinz, 33, 5 1 
Minkowski, 35 
Peierls-Bogoliubov, 35 
Schwarz, 41 
Uhlmann, 46, 49, 68 

KMS 

condition, 53 
state, 54 

Kubo-Mari inner product, 58, 63, 100 

Laplacian 

discrete Dirichlet (Aa), 8, 134, 144 
large deviation principle, 28, 111 
LDP, see large deviation principle 
Legendre transform, 155 
linear response, 25, 87, 92, 100, 141, 143 
Liouvillean 

LP, 11, 91 

standard, 62, 63-65, 72, 77, 91, 99, 130 
local observables, 96 

map 

completely positive, 40 

positive, 40 

Schwarz, 41, 46, 48 

trace preserving, 40 

unital, 40 
McLennan-Zubarev ensemble, 16, 90 
min-max principle, 34 
model 

electronic black box, 134 
spin-fermion, 131 
modular 

conjugation, 61, 63, 98, 129 
dynamics, 63 

relative, 64 
group, 63, 72, 82, 89, 98, 110 
operator, 63, 82, 98, 130 

relative, 64, 65-67, 98, 130 
state, 98 
structure, 58 

NESS, see state, non-equilibrium steady 
Neyman-Pearson, 51, 106 
number operator, 118 



Onsager matrix, 26, 87, 109 
open system, 90, 111 

partial trace, 40 
Pauli principle, 115 
polar decomposition, 33 
pressure, 53, 126 

principle of regular entropic fluctuations, 6, 30 

Radon-Nikodym derivative, 10, 64, 146 
relation 

Einstein, 27, 113 

Evans-Searles, 13, 73 

flux, 85 

Onsager reciprocity, 26, 87, 92, 101, 112 
representation 

Araki-Wyss, 129, 132 
cyclic, 61 
equivalent, 59 
faithful, 59, 96 
Fock, 121 

GNS, 61,98, 105, 132 
Jordan- Wigner, 148 
Kraus, 40 
of a *-algebra, 59 
of CAR, 121, 149 
standard, 61, 64 
resonances, 103 

scattering matrix, 17, 139, 145 
Schrodinger picture, 52 
spin system, 147 
standard correlation, 63 
♦-automorphism, 32 

group, 52 
generator, 52 
state, 42 

chaotic, 43 

equivalent, 43 

faithful, 43, 61 

KMS, 53, 54, 62 

modular, 98 

non-equilibrium steady, 19, 109, 139 

normal, 98 

perturbed KMS, 56 

pure, 43 

quasi-free, 124 
Stein exponent, 108 
support, 43 
symmetry 

Evans-Searles, 13, 22, 28, 73, 74, 78, 82, 
84, 98, 101, 112 
generahzed, 14, 86, 100 

TD limit, see thermodynamic limit 
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test, 50 
theorem 

central limit, 24, 25, 104, 111, 112, 159 
Evans-Searles fluctuation, 13, 29, 101 
Gartner-Eflis, 28, 29, 101, 105, 112, 158 
GaUavotti-Cohen fluctuation, 6, 30, 109 
Lieb concavity, 46 
transient fluctuation, 29 
Uhlmann monotonicity, 46, 50, 68 
von Neumann bicommutant, 122 

thermodynamic limit, 14, 96, 127, 137 

time reversal invariance, 12, 71, 85, 135 

transfer operator, 77 

transport coefficients, 87, 109 

TRI, see time reversal invariance 

uncertainty principle, 42 

variational principle, 43, 46, 47, 54 
vector 

cyclic, 59, 61, 67, 98, 129, 132 
representative of a state, 61, 62, 67, 98 
separating, 59, 61, 98 
vacuum, 117 

wave operator, 17, 139, 145 
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